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Abstract
Failure predictions for a fibre-reinforced composite with unidirectional (UD) plies
can only be relied upon provided the stress state is accurately known. This requires
a prediction of the constitutive response to be made when the material is loaded.
When failure does occur, matrix cracking is frequently the first mode of failure.
Cracking results in a reduction of the material properties of the structure and can
lead to other forms of damage. In this context, an elasto-plastic constitutive model
that can accurately represent the full non-linear mechanical response of UD com-
posites is developed, as well as the implementation of an improved model for matrix
cracking.
Unlike many existing constitutive models in the literature, the developed model
captures some key features that are often neglected in constitutive modelling. These
include the effect of hydrostatic pressure on both the elastic and non-elastic response.
A novel yield function is formulated specifically for polymer-matrix fibre-reinforced
composites, taking into account the presence of fibres in the material. The developed
model is able to predict the non-linear response under complex loading combinations,
given only the experimental response from two uniaxial tests. A non-associative flow
rule is used to capture the pressure sensitivity of the material. The translation of
subsequent yield surfaces under complex loading regimes is modelled by the inclusion
of a non-linear kinematic hardening rule, which also allows for simulation of material
unloading. The implementation of the model as a user defined material subroutine
in a commercial finite element package is described.
Regarding the modelling of matrix cracking, several methods are available in the
literature. These models are reviewed and an existing model is combined with
suitable failure criteria for the simulation of stiffness loss and crack accumulation in
laminates. This model is then used to make predictions of crack accumulation and
loss in stiffness of composite materials.
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Chapter 1
Introduction
1.1 Motivation
Composite materials are increasingly being used in the field of engineering due to
their high stiffness and low weight in comparison to conventional materials such as
metals. In aerospace and the automotive industry, the use of composites can also
lead to significant fuel savings, reducing the output of greenhouse gases.
In the past, composite materials have only been used in non-critical areas where a
failure of the composite will not lead to complete failure of the structure. However,
as composites are now used for more critical parts, for example aircraft wings and
fuselage, the failure of the material can be catastrophic. As a result, the ability
to predict the failure of composites is vital so that in-service failures do not occur.
Currently, it is commonplace to use large safety factors in design due to the un-
certainties over composite failure, resulting in wasted manufacturing time, material
and cost.
Experimental testing to determine the failure strength of a composite is currently
widespread, as computational alternatives are limited in their ability to accurately
model the failure process and predict the failure load. However, experimental testing
is very expensive, time consuming and wasteful, as the composite material must be
manufactured, put through destructive testing and cannot be reused.
The reliable computational modelling of the response of composite materials requires
an accurate representation of the constitutive response of the material under a va-
riety of uniaxial and combined loading conditions, within both unidirectional and
1
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multidirectional laminates. If the constitutive response is poorly predicted, the sub-
sequent failure criteria and damage models are of little use as the predicted failure
events will be occurring at unrealistic values of stress and strain. The constitutive
response is known to be highly non-linear and dependent on the hydrostatic stress
state of the material.
By developing accurate constitutive laws to provide the stresses required as input
for failure criteria for composite materials, the dependency on experimental testing
to predict failure can be reduced. In parallel, a deeper understanding of the failure
mechanisms of a particular design can be achieved without the time or expense of
manufacture.
The failure mechanisms of composite materials are not yet fully understood. The
world wide failure exercise (WWFE) began after it was noted that the existing failure
criteria in use were not sufficient to predict failure and there was a general lack of
faith in their use [1]. As a result an exercise was suggested in which participants were
invited to put forward suggestions for failure criteria that could predict the failure
of composite materials and were based on the physical mechanisms of composite
failure. Initially, these ideas would be formulated without any experimental data
for the chosen test cases in ’Part A’ of the exercise. After all of the ideas had been
submitted, experimental test data would be released and the participants would be
allowed to modify their criteria with the goal of producing better predictions of the
response of composite materials in ’Part B’
A second world wide failure exercise has been established to investigate the effects
of hydrostatic pressure on composite failure [2] and is currently in Part B. The third
world wide failure exercise is currently in Part A and investigates issues related to
damage, matrix cracking, initiation of delaminations and their interaction with fibre
failure [3].
The results of the WWFE have shown the weaknesses of existing theories, as well
as the dependence of good predictions on accurate input data for the constitutive
response of the material. As experimental material often relies on tests performed on
unidirectional (UD) specimens, the recorded constitutive curves are not suitable for
modelling plies within multidirectional laminates. This is due to the ’in-situ’ effect
of having neighbouring plies of differing orientations, which allows individual plies
to experience greater stresses and strains than would be possible in a UD specimen.
An example of changing the constitutive prediction within a combined constitutive,
failure and damage model is shown in figure 1.1. This figure shows that beyond
2
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Figure 1.1: Effect of changing constitutive response prediction on failure
prediction
the available experimental data, two different methods of extrapolation can produce
very different predictions.
The failure exercise also highlights the importance of matrix crack accumulation.
When matrix cracking occurs in a composite material the stiffness of the material is
reduced and the material becomes increasingly prone to other forms of damage, such
as delamination. This implies that predicting the properties of a laminate under-
going matrix cracking is of great importance, as the surrounding material continues
to support loading and therefore a cracked structure can be ’damage tolerant’.
1.2 Objectives
The objectives of this thesis are:
1. To develop an improved model for the prediction of the constitutive response
of unidirectional composite materials.
2. To combine the new constitutive response model with a suitable set of failure
criteria and damage model.
3
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3. To implement the combined constitutive, failure and damage model into a
finite element package and run validation cases.
4. To implement a model for the prediction of damage accumulation after matrix
cracking in a finite element model using a suitable failure criterion.
1.3 Structure of the thesis
In part I of the this thesis the a novel model for the constitutive response of composite
materials is formulated and validated. An overview of existing models found in the
literature and their limitations given in chapter 2. Based on the models discussed,
a new model for the constitutive response of unidirectional composite materials is
developed. This new model is based on plasticity theory. Chapter 3 outlines the
derivation of a yield criterion and flow rule for the model. In chapter 4 the model
is completed by the addition of an effective stress and hardening law.
The implementation of this constitutive model into a finite element package with
a failure criterion and damage model is described in chapter 5, using both implicit
and explicit approaches with 3D elements. A shell implementation in an explicit
code is also discussed. The models are validated using various test cases in chapter
6.
Part II of the thesis focuses on the simulation of matrix cracking in unidirectional
composite materials. Chapter 7 is a review of existing theories found in the lit-
erature. A model based on stress transfer that has recently been proposed in the
literature is examined in detail in chapter 8, with a discussion of its limitations and
drawbacks. One of the models reviewed in chapter 7 is then implemented for the
simulation of stiffness reduction and crack accumulation. This implementation and
validation is detailed in chapter 9.
4
Part I
Constitutive response
5
Chapter 2
Review on constitutive response of
materials
2.1 Overview
Hydrostatic pressure can cause significant changes in the mechanical properties of
polymers and polymer-matrix composites (see figures 2.2 and 2.3). The effect of
hydrostatic pressure is of considerably greater importance when modelling polymers
than metals or rocks. Furthermore, polymers and polymer-matrix composites yield
at different stresses in tension and compression [4–6]. Generally, the elastic modulus
of unreinforced polymers in tension, compression and shear increases with increasing
hydrostatic pressure.
The yield stress also increases with increasing pressure. Results in the literature
[5] record a 40% increase in the modulus of polycarbonate when the pressure is
raised from atmospheric to 800 MPa. However, over the same range the yield stress
increases 240%, suggesting the mechanisms that control modulus are not the same
as those controlling plastic flow.
As well as raising the yield stress, increasing pressure can also limit the initiation and
growth of cracks by increasing the surface energy associated with fracture surfaces.
Although pressure can inhibit crack initiation, as the yield stress is raised local
yielding in the polymer is inhibited. Local yielding can be useful as it slows crack
growth; the material is more brittle when yielding is suppressed [8]. Crazing of
the material is also affected by hydrostatic pressure. For this reason it has been
6
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reported that polymers can undergo a ductile-brittle-ductile transition as different
mechanisms compete for failure; being ductile at atmospheric pressure, brittle at
higher pressures, then ductile again at even higher pressures [7]. Crazes can be
suppressed at higher pressure causing more brittle behaviour from flaws and small
cracks in the polymers. At higher pressure, crack growth is slowed and the materials
can withstand greater deformation than under atmospheric conditions. This effect
has been noted experimentally by Rabinowitz et al. [7], as shown in figure 2.1.
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Figure 2.2: Effect of increasing hydrostatic pressure on shear response of
a composite [6, 9]
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The presence of fibres in composite materials alters the material dependence on
hydrostatic pressure, as the modulus of the fibres is much greater than that of the
surrounding matrix and the response of the fibres remains linear elastic, leading
to a non-isotropic response. However, the effect of pressure is still significant. By
increasing the stiffness of the matrix through the application of hydrostatic pressure
it is possible to delay fibre kinking when the material is loaded in compression
[5, 8]. The presence of pressure also increases interfacial normal and shear stresses,
resulting in greater adhesion between fibres and matrix, whilst reducing the influence
of flaws such microcracks and voids. The effects of hydrostatic pressure on the non-
linear response of a UD composite are shown in figures 2.2 and 2.3, indicating a
change in the post-yield behaviour and an increase in elastic modulus.
Another significant effect is the interaction between different stress components un-
der multiaxial loading, as this also affects the material response. Figure 2.4 shows
that stress components are coupled, as the shear response of a UD composite is
influenced by the introduction of a stress in the transverse direction.
9
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The results of the three different world wide failure exercises (WWFEs) have shown
the dependence of good predictions on accurate representation of the constitutive
response of the material [1–3].
2.2 Plasticity theory
2.2.1 Isotropic yield criteria
A yield criterion describes the limit of the elastic domain and is a function of the
stress, σ and the hardening variables, denoted q:
f(σ,q) ≤ 0 (2.1)
The most commonly used yield criteria are shown in figure 2.5. The Drucker-Prager
and Mohr-Coulomb yield criteria are modifications of the von Mises and Tresca,
respectively, to account for pressure dependence. Ideally yield criteria should be
simple and contain no more parameters than are absolutely necessary [11].
10
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Figure 2.5: Yield surfaces commonly used in the literature
von Mises
The von Mises criterion is given by:
f =
√
J2D − σ0 (2.2)
where σ0 is the yield stress and J2D is the second invariant of the deviatoric stress
tensor, given by:
J2D =
1
6[(sv11 − sv22)
2 + (sv22 − sv33)2 + (sv33 − sv11)2] + sv212 + sv223 + sv231 (2.3)
Drucker-Prager
11
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The pressure dependent form of the von Mises criterion is produced by adding
a hydrostatic pressure term to equation 2.3 and is known as the Drucker-Prager
criterion:
f =
√
J2D + µsvm − σ0 (2.4)
where µ is the hydrostatic pressure sensitivity and svm is the hydrostatic pressure,
stated as:
svm =
1
3(sv11 + sv22 + sv33) (2.5)
The Drucker-Prager model is a common choice for implementation in computer
codes as it produces a smooth yield surface, avoiding the problems that can arise
from modelling the vertices on the Mohr-Coulomb or other similar criteria. These
vertices result in discontinuous derivatives that are likely to cause difficulties in
computational plasticity implementations. It has been argued that these vertices
are only sensible for metals and are unsuitable for frictional and quasi-brittle mate-
rials [12]. Finally, the linear Drucker-Prager criterion is also considered to be more
suitable than Mohr-Coulomb for modelling materials in which the deformation can-
not be well represented by frictional sliding on failure planes [13].
The criterion used by Mahnken and Schlimmer [14] can also be reduced to the
Drucker-Prager or von Mises criteria, whilst Kolling and Haufe [15] use a yield
criterion consisting of two Drucker-Prager yield surfaces.
Raghava
Raghava et al [16] have suggested a yield criterion for polymers based on the von
Mises yield criterion. A similar criterion has been used by Mahnken et al. [14].
The Raghava criterion accommodates differences in tensile and compressive yield
strengths and accounts for any dependence of yielding on the hydrostatic component
of the applied stress state. The proposed criterion is:
(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2 + 2 (C − T ) (σ1 + σ2 + σ3) = 2CT (2.6)
where σ1, σ2 and σ3 are the three principal stresses in the applied stress state and C
and T are the absolute values of the compressive and tensile yield strengths, respec-
tively. If C and T are equal then the criterion reduces to the von Mises criterion,
as does the Drucker-Prager criterion if the pressure dependence is removed. How-
ever, whereas the standard Drucker-Prager predicts a straight line for the increase
in shear yield with increasing hydrostatic pressure, the Raghava criterion predicts a
12
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Figure 2.6: Illustration of the difference between the Drucker-Prager and
the Raghava yield criteria for predictions of shear yield under applied
hydrostatic pressure
curve, more closely matching experimental observations [17]. The difference in yield
predictions between the two criteria for the same input data is shown in figure 2.6.
The criterion for the failure of polymers by Pinho et al. [9, 18] is a failure index
based on the Raghava criterion, as it is able to capture the change in slope at high
pressures, whilst still being relatively simple:
FIP =
3 (k2 − (T − C)σm)
TC
(2.7)
where T is the tensile strength of the resin, C is the compressive strength of the
resin and k is defined as:
6k2 = (σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2 (2.8)
Zhang et al.
Like the Drucker-Prager criterion the criterion used by Zhang et al. [19] is a pressure
dependent modification of the von Mises criterion. However, unlike the Drucker-
Prager it is dependent to the square of the hydrostatic pressure. It is stated as:
f =
√
1
6
[
(σ11 − σ22)2 + (σ22 − σ33)2 + (σ33 − σ11)2
]
+ σ212 + σ223 + σ231 +
µ
9 (σ11 + σ22 + σ33)
2−σv0
(2.9)
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where µ and sv0 are again the hydrostatic pressure sensitivity and yield stress re-
spectively.
Altenbach and Tushtev
As with the Drucker-Prager and the Raghava criteria, the criterion suggested by
Altenbach and Tushtev [4] is also suitable for modelling materials with different
strengths in tension and compression. The criterion is:
f = 2
√
3
√
J2D +
(
2
√
3
√
J2D + k1
)
exp
(√
3σm
k2
− 1
)
− k1 = 0 (2.10)
where k1 and k2 are material constants defining the limits of deviatoric and hy-
drostatic stress respectively. Like the exponent Drucker-Prager model, which will
be detailed later, the above criterion proposes an exponential dependence on the
hydrostatic stress.
Bigoni and Piccolroaz
The criterion developed by Bigoni and Piccolroaz [12] is suitable for modelling a
variety of different pressure sensitive, frictional, ductile and brittle-cohesive materi-
als, as the yield surface is allowed to change shape. The criterion can be considered
as a generalisation of several different criteria, including Drucker-Prager and Mohr-
Coulomb. The general form of the criterion is:
f = f1 (σm) +
√
3J2D
f2 (θ)
(2.11)
where
f1 (σm) =
−MC
√
(Φ− Φm2) [2 (1−m1) Φ +m1] if Φ ∈ [0, 1] ,
+∞ if Φ /∈ [0, 1] ,
(2.12)
Φ = σm + T
C + T (2.13)
f2 (θ) =
1
cos
[
β1
pi
6 − 13 cos−1 (β1 cos 3θ)
] (2.14)
Parameters β1 and β2 control the shape of the deviatoric section, M controls the
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pressure sensitivity, m1 and m2 control the meridian section, with θ given by:
θ = 13 cos
−1
3√3
2
J3D
J
3
2
2D
 (2.15)
and the third invariant of the deviatoric stress tensor:
J3D =
1
3tr
(
Sˆ
)3
(2.16)
where Sˆ is the deviatoric stress tensor, defined as:
Sˆ =

σ11 − σm σ12 σ13
σ21 σ22 − σm σ23
σ31 σ32 σ33 − σm
 (2.17)
2.2.2 Flow rule
When the stress state reaches the yield surface, plastic flow initiates. The stress
state then remains on the yield surface during plastic flow, so the yield condition
must be satisfied. This is known as the ’consistency condition’ [20]. The flow rule
determines the plastic strain increment. In its most general form it is stated as:
dεp = dλ
∂g
∂σ
(2.18)
where dεp is the increment of plastic strain, dλ is the plastic multiplier and ∂g∂σ gives
the direction of the flow. g is the ’plastic potential’ function and if it is the same as
the yield criterion, f , then the flow is termed ’associated’, else it is ’non-associated’
flow.
In associated flow, the flow rule is stated as dεp = dλ ∂f∂σ and the direction of the
flow is always normal to the yield surface (see figure 2.7). This is suitable for metals
and other non-pressure dependent materials, but not for hydrostatically sensitive
materials such as polymers. This is because yield in metals can be described as
layers of crystals sliding over each other, so there is no change in direction after
the yield has occurred. However, for polymers and matrices in composite materials,
yielding is affected by chain entanglement, so it cannot be assumed that the direction
of the flow remains normal to the yield surface and a non-associative flow rule is
preferred [20].
15
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2.2.3 Hardening
During plastic flow, materials can undergo microstructural changes and the stress
transmitted by yielding in a material can increase or decrease. An increase is termed
’hardening’, during which the size or position of the yield surface can change [20].
The general yield criterion is given by the equation:
f(σ) = F (σ)− σ0 = 0 (2.19)
Isotropic hardening, shown in figure 2.8, allows the yield surface to expand uniformly
in all directions. The inclusion of isotropic hardening alters the yield criterion to:
f(σ, σY ) = F (σ)− σY = 0 (2.20)
where σY is the current yield stress and varies with the applied strain, so σY = f1(ε).
Alternatively, for kinematic hardening the yield surface is allowed to translate in the
stress space [21]. This is modelled through the use of a ’back stress’, α, representing
the shift from the centre of the elastic domain (see figure 2.8).
f(σ,α) = F (σ −α)− σ0 = 0 (2.21)
Kinematic hardening is suitable for modelling material unloading or cyclic loading.
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Figure 2.8: Evolution of yield surface and uniaxial stress strain curves in
a)isotropic and b)kinematic hardening [20]
However, for realistic modelling of engineering materials a non-linear evolution of
the back stress is generally required [20].
2.2.4 Loading/Unloading conditions
The loading/unloading condition for a rate-independent elasto-plastic model are
given by the following equations, known as the ’Kuhn-Tucker’ [21] equations:
f ≤ 0 (2.22)
dλ ≥ 0 (2.23)
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fdλ = 0 (2.24)
Equation 2.22 states the stress state must remain within the bounds of the yield
surface, equation 2.23 stipulates the plastic multiplier must not be negative and
equation 2.24 is a form of the consistency condition.
2.2.5 Effective stress/strain
An effective stress is defined to allow the correlation of test results from different
loading regimes. As the yield function determines whether plastic flow will occur, it
can be used as a “truly significant stress variable” [22] to define the effective stress.
The effective stress, σe, should reduce to the stress in a uniaxial test. It is generally
defined as a constant multiplied by the yield function [22].
The effective strain, εpe, can either be defined by relating it to the effective stress
using the plastic work, Wp:
dWp = σijdεp = svedεpe (2.25)
or intuitively as a combination of the plastic strain increments multiplied by a con-
stant, k1 [22]:
dεpe = k1
√
dεp : dεp (2.26)
2.3 Plasticity models
2.3.1 Unidirectional composites
Xie and Adams
Xie and Adams [23] developed a yield criterion suitable for unidirectional composite
materials based on a quadratic yield surface. The yield criterion is similar to the
Hill criterion, similar criteria appear elsewhere in the literature [24, 25]. This same
approach has subsequently been used by several other authors [26–28]. A quadratic
yield surface is made independent of the stress in the fibre direction, σ11, by enforcing
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∂f
∂σ11
= 0. It should be noted if the yield criterion is used as the plastic potential
then this procedure also leads to
dεp11 = dλ
∂f
∂σ11
= 0, (2.27)
which implies dε11 = 0; an alternative interpretation for the procedure. The
quadratic form is stated as:
2f = F (σ22 − σ33)2 +G (σ33 − σ11)2 +H (σ11 − σ22)2 + 2Lσ223 + 2Mσ231 + 2Nσ212
(2.28)
with unknown coefficients F , G, H, L, M and N .
Imposing the condition ∂f
∂σ11
= 0 leads to:
G (σ33 − σ11) +H (σ11 − σ22) = 0 (2.29)
which implies G = H = 0.
Assuming the material to be transversely isotropic further reduces the quadratic
criterion in equation 2.28, as M = N and L can be set equal to unity without loss
of generality, leading to:
2f = F (σ22 − σ33)2 + 2σ223 + 2M
(
σ231 + σ212
)
(2.30)
Using this yield criterion, the authors develop a plasticity model by defining an
effective stress as:
σe =
√
3f (2.31)
The effective stress is then related to the effective strain using the plastic work per
unit volume, defined as:
W˙p = σij ε˙p = sveε˙pe (2.32)
Assuming loading in shear with a through thickness compression, the effective strain
is then given by:
dεpe =
√√√√2
3
[
(dεp33)
2
F
+ 2 (dε
p
12)
2
M
]
(2.33)
The model uses associated flow and the evolution of stress is empirically defined using
experimental data. It has been implemented into a non-linear 3D finite element code
named WYO3D and shown to match experimental data well.
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Goldberg et al.
Goldberg et al. [29,30] modified an existing rate-dependent model for metals, in order
to account for the presence of hydrostatic stresses on the non-linear deformation of
polymer matrix composites. The model used for the matrix was the Bodner-Partom
viscoplastic state model [31], in which a single unified strain variable represents
all inelastic strains and no definition of yield stress is required. The hydrostatic
sensitivity was included by using Drucker-Prager with associated flow to model the
effects of plasticity through the definition of an effective stress:
σe =
√
3f =
√
3J2 +
√
3µσm (2.34)
Goldberg et al. [29, 30] use laminate theory and a ’fibre structuring’ approach (see
figure 2.9) for the micromechanical modelling of the composite. In this approach,
the authors first characterise the matrix using the above equations, then the fibre,
then the whole composite. This approach is used as it is easier to test a polymer
than perform an equivalent test on a composite. The in-situ matrix properties and
deformation response are assumed to be equivalent to those of the bulk polymer.
However, if in comparing the test data obtained from composite specimens to analyt-
ical predictions it appears that the bulk matrix properties do not accurately reflect
the in-situ state of the matrix, the polymer properties can always be appropriately
adjusted.
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Along the fibre direction, the strains are assumed to be uniform in each subslice (see
figure 2.9), and the stresses are combined using volume averaging. An orthotropic
compliance matrix is used to relate the strains and stresses in each constituent.
However, the model does not include kinematic hardening and is not implemented
in a finite element code.
Cazacu et al.
Cazacu et al. [32] have produced a transversely isotropic yield criterion for rocks,
which can also be adapted for UD composites, stated as:
a1σ11 + a2 (σ22 + σ33) + A1σ211 + A2 (σ222 + σ233) + 2A12σ11 (σ22 + σ33)
+2A23σ22σ33 + A44σ223 + A55 (σ212 + σ213) = 1
(2.35)
If used to model an isotropic material, the Cazacu criterion reduces to a form similar
to the Raghava criterion. The coefficients in equation 2.35 are functions of material
constants and the tensile and compressive yield stresses. Cazacu et al. demonstrate
the criterion’s ability to match experimental data, but do not implement it in a
finite element code.
Spencer
Spencer [33] has suggested two criteria for the yielding of transversely isotropic
materials; the first is analogous to von Mises condition:
f = 1
k2T
{1
4 (σ22 − σ33)
2 + σ223
}
+ 1
k2L
(
σ212 + σ213
)
− 1 (2.36)
The second is a maximum shear stress criterion analogous to Tresca:
f =

1
kT
{
1
4 (σ22 − σ33)2 + σ223
} 1
2 − 1, for (σ212 + σ213) ≤ k2L
1
kL
(σ212 + σ213)
1
2 − 1, for 14 (σ22 − σ33)2 + σ223 ≤ k2T
(2.37)
where kT and kL are the transverse and longitudinal shear yield stresses on the plane
containing the fibres respectively. However, neither of the criteria suggested by
Spencer [33] are pressure dependent, so they are unable to predict a change in yield
strength under different loading conditions and although they work theoretically, no
comparison to experimental data is made.
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2.3.2 Isotropic variants of the Drucker-Prager model
Isotropic plasticity models for modelling metals, porous materials, geomaterials and
polymers are readily available [34]. Some of the most relevant isotropic models to
this research are those based on the Drucker-Prager yield criteria and implemented
for polymers. The Drucker-Prager model can be formulated in three different forms
in the meridional plane of pressure and deviatoric stress; linear, exponent and hyper-
bolic [34]. The yield criteria are shown in figure 2.10, with p = −σm and tan β = µ.
The simplest model is the linear, stated as:
f =
√
J2D − p tan β − d = 0 (2.38)
g =
√
J2D − p tanψ
The exponent criterion is:
f = a
(√
J2D
)b
− p− pt = 0 (2.39)
where a and b are material parameters and pt is a hardening parameter equal to the
hydrostatic strength of the material.
Finally, the hyperbolic criterion is written as:
f =
√
(d′|0 − pt|0 tan β)2 + J2D − p tan β − d′ = 0 (2.40)
The values of d′ and pt for the hyperbolic criterion vary depending on the choice of
yield stress used in their definition. If defined using the compressive yield stress, C,
then:
d′ =
√
l20 + C2 −
C
3 tan β (2.41)
and
pt = aCb − C3 (2.42)
Alternatively, if the tensile yield stress, T , is used:
d′ =
√
l20 + C2 +
C
3 tan β (2.43)
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Figure 2.10: Three formulations of Drucker-Prager model [34]
and
pt = aT b +
T
3 (2.44)
Finally, if the shear yield stress, S, is used then:
d′ =
√
l20 + S2 (2.45)
and
pt = aSb (2.46)
Regardless of the definition used, the initial values of d′ and pt are d′|0 and pt|0
respectively.
The hyperbolic and exponent models are only available with associated flow rules
in Abaqus. The linear model can be made non-associative by changing the value of
ψ with ψ 6= β. However, in all of the models only isotropic hardening is offered -
making the models unsuitable for modelling unloading and reloading of the material.
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2.4 Discussion
From the experimental observations made in the literature, it is clear that any
attempt to realistically model the constitutive response of unidirectional composites
must include the effects of hydrostatic pressure, be able to model the effects of
different load combinations and will require non-associative flow. If unloading is to
be represented by the model then kinematic hardening is also necessary.
Of the yield criteria discussed, those which are not hydrostatically sensitive are not
considered further. Those that are pressure dependent - but are isotropic - need
to be modified to account for the presence of fibres in unidirectional composites.
The linear Drucker-Prager and the Raghava appear to be the best choices for this
as they are fairly simple, so can be easily manipulated mathematically. More com-
plicated criteria such as that of Altenbach and Tushtev [4] are more difficult to
handle computationally as their derivatives will be required in a computational al-
gorithm. The criterion of Bigoni and Piccolroaz [12] reduces to a form similar to
the Drucker-Prager for modelling polymer behaviour and so is also disregarded.
The models used for UD composites by Spencer [33] and Xie and Adams [23] are
not considered suitable as they do not model the effect of hydrostatic pressure.
The criterion of Cazacu et al. [32] is for transversely isotropic rocks, but is not
able to represent the linear elastic response of a UD composite when loaded in the
fibre direction. The Goldberg et al. [29] model is considered most suitable, but
is made computationally expensive and complicated through the use of the slicing
algorithm. Instead, a model is sought which is qualitatively similar to the exponent
or hyperbolic Drucker-Prager models in Abaqus but accounts for the presence of
fibres and includes kinematic hardening.
The development of a plasticity model will lead to a constitutive input for failure
criteria and damage models based on physical considerations, instead of the mathe-
matical extrapolations used previously [9]. Furthermore, plasticity models are able
to predict the constitutive response under different loading combinations for which
no experimental data is available. Depending on the choice of yield criterion, the
plasticity model can also capture the hydrostatic sensitivity of composite materials;
predicting the constitutive response of the material at different values of hydrostatic
pressure. The model will then generate the non-linear stress-strain curves observed
experimentally for UD composites. Several papers in the literature use a viscoelastic
approach in order to capture the time dependent behaviour of the material [35,36].
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However, the model formulated in this thesis is concerned with loading under quasi-
static conditions at the ply level, and so an elastic-plastic constitutive law is used.
As the model is intended for use as an input into a failure and damage model, sim-
plicity is very important as the constitutive element should not be too detrimental
to the run time of the combined constitutive, failure and damage model. Alter-
natives to plasticity models, such as CAP models [37] are not considered as CAP
models are generally used for reinforced concrete and sands. In these materials it is
relatively straightforward to calculate the position of the cap, but it is less obvious
for carbon/epoxy composites. Hyperelastic and hypoelastic models also exist, but
are not as easy to modify as elastic-plastic models for unidirectional composites. In
the case of hypoelastic models, the strains composites rarely reach these high levels
before failure.
A model is hereby developed that is able to represent the full non-linear response of
UD composites under quasi-static loading. This non-linearity may be the result of
several different mechanisms, including plasticity, microcracking and other forms of
damage. As with other models of this type [38], the modelling of the non-linearities
does not account for the exact physical cause of the non-linearity. Rather, the
model aims to faithfully reproduce the constitutive response under superimposed
hydrostatic pressure or multiaxial loading. The model does not include any rate or
temperature dependent effects and is intended for carbon and glass/epoxy composite
systems, so only considers thermosetting resin systems.
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Chapter 3
Derivation of a yield criterion
suitable for UD laminates
3.1 Overview
A yield criterion suitable for carbon fibre reinforced composites with polymeric ma-
trices is developed. Currently, there is a lack of yield criteria in the literature which
can simultaneously capture the features observed in these composites, namely the
pressure dependence, orthotropy and independence of the stress in the fibre direc-
tion. Formulations at both the fibre/matrix level and the ply level are investigated.
3.2 Fibre/ Matrix level
Rule of Mixtures based formulation
The rule of mixtures (ROM) is used to calculate the properties of a material that
consists of two different constituents. In the case of UD composites, it calculates
the properties of the laminae based on the properties of the fibres and the matrix.
The aim of the following derivation is to obtain a pressure dependent criterion in
which ∂f
∂σ11
= 0. The fibres are modelled as elastic and the selected yield criterion is
applied only to the matrix.
With lam denoting the laminate, m denoting the matrix and f denoting fibres, the
modulus - where E is the modulus and V is the volume - of the laminate is given
26
CHAPTER 3. DERIVATION OF A YIELD CRITERION SUITABLE FOR UD
LAMINATES
by:
Elam = VmEm + VfEf (3.1)
The above equation can be written in the fibre direction as:
Elam11 =
σlam11
εlam11
= VmEm11 + VfE
f
11. (3.2)
Assuming the strain in the laminate, fibres and matrix is the same, εlam11 = ε
f
11 = εm11,
then substituting and rearranging for σmat11 leads to:
σmat11 =
σlam11 − Vfσf11
Vm
= E
lam
11 ε
lam
11 − VfEf11εlam11
Vm
(3.3)
Using the relations Vm = (1− Vf ) and Elam11 = VmEm11 + VfEf11 , after some manipu-
lation equation 3.3 leads to:
Ef11
Elam11
= E
f
11
(1− Vf )Em11 + VfEf11
= 1
(1− Vf ) E
m
11
Ef11
+ Vf
(3.4)
Combining equations 3.3 and 3.4 results in the expression:
σmat11 = σlam11

1− Vf
(1−Vf)E
m
11
E
f
11
+Vf
1− Vf
 = kσlam11 (3.5)
The modulus of the fibres is considerably greater than that of the matrix. So, in
the limit, E
m
11
Ef11
→ 0 and σmat11 → 0. The other stress components using ROM are the
same for the matrix and for the ply. Therefore, according to ROM, considering that
the matrix is in the laminate leads to simply setting σ11 = 0 in the criterion for pure
resin.
Applying the ROM formulation, the Zhang criterion (equation 2.9) and the linear
Drucker-Prager (equation 2.4) reduce to:
f =
√
1
6
[
(σ22 − σ33)2 + σ222 + σ233
]
+ σ212 + σ223 + σ231 +
µ
9 (σ22 + σ33)
2 − sv0 (3.6)
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Figure 3.1: ROM based yield
and
f =
√
1
6
[
(σ22 − σ33)2 + σ222 + σ233
]
+ σ212 + σ223 + σ231 +
µ
2 (σ22 + σ33)− sv0 (3.7)
respectively.
An example of a yield criterion formulated using ROM (using equation 3.7) is shown
in figure 3.1, using values of µ = 0.9 and sv0 = 65 MPa, which is typical of carbon-
epoxy composites.
3.3 Ply level
Formulation using derivative of f
This formulation follows the approach used by Xie and Adams [23] and several
other authors [24, 25, 39] in the literature, whereby the chosen yield criterion is
differentiated so that a criterion that satisfies ∂f
∂σ11
= 0 is found.
Applying this method to the Drucker-Prager criterion is mathematically cumber-
some. Instead, the criterion of Zhang et al. [19] was chosen as it is similar to
Drucker-Prager, also being a modified version of the von Mises criterion. Using the
Zhang criterion, a yield criterion that satisfies df
dσ11
= 0 is derived as follows.
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The yield criterion by Zhang et al. [19] in its full form is:
f =
√
1
2
[
(σ11 − σ22)2 + (σ22 − σ33)2 + (σ33 − σ11)2
]
+ 3σ212 + 3σ223 + 3σ231 +
µ′
9 (σ11 + σ22 + σ33)
2
(3.8)
Calculating df
dσ11
and rearranging leads to an equation for σ11 that stipulates zero
plastic strain in the fibre direction, where σ11 is now denoted σ∗11, as shown in
equation 3.10. The yield surface is then written as :
f =
√
1
2
[
(σ∗11 − σ22)2 + (σ22 − σ33)2 + (σ33 − σ∗11)2
]
+ 3σ212 + 3σ223 + 3σ231 +
µ′
9 (σ
∗
11 + σ22 + σ33)
2
(3.9)
with
σ∗11 =
(
1− 2µ′9
)
(σ22 + σ33)
2µ′
9 + 2
(3.10)
However, creating a yield surface by calculating a value of σ11 based on the values
of σ22, σ33 and µ′ means that although the condition ∂f∂σ11 = 0 is satisfied, a value of
σ∗11 is imposed. As σ∗11 is still part of the criterion and does contribute towards the
calculation of the current stress state, approximations of yield using this approach
are arguable. This approach worked well for the yield criteria found in the literature
[24, 25, 39] as they were based either on the Hill criterion or a quadratic failure
criterion in which terms can be cancelled during the derivation, leading to a criterion
that does not include a σ11 term. However, as this term does not cancel when using
Drucker-Prager type criteria, this approach to formulate a yield criterion suitable
for composites is disregarded.
Based on experimental observations
As the approach used in the previous section in which the differential is calculated
first is not suitable, a yield criterion is sought that is of the form of a derived criterion,
but still includes the hydrostatic stress dependency. This amounts to removing all
terms and brackets containing σ11 from an existing yield criterion.
The set of trialled criteria using all of the different methods of formulating criteria
is shown in table 3.1 and plotted in 3.2. These plots were used to establish the
behaviour of each of the criteria with increasing hydrostatic pressure. All of the
plots are generated using the same input data for the compressive, tensile and shear
yield stresses of 90 MPa, 73 MPa and 65 MPa, respectively. These values are
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Table 3.1: Trialled yield criteria
Number Criterion
1 f =√ 16 [(sv22 − sv33)2 + σ222 + σ233] + σ212 + σ223 + σ231 + µ4 (sv22 + sv33)2 − σ0
2 f =√ 16 [(sv22 − sv33)2] + σ212 + σ223 + σ231 + µ4 (sv22 + sv33)2 − σ0
3 f =√ 16 [(sv11 − sv22)2 + (sv22 − sv33)2 + (sv33 − sv11)2] + σ212 + σ223 + σ231 + µ9 (sv11 + sv22 + sv33)2 − σ0
4 f =√ 16 [(sv11 − sv22)2 + (sv22 − sv33)2 + (sv33 − sv11)2] + σ212 + σ223 + σ231 + µ3 (sv11 + sv22 + sv33)− σ0
5 f =√ 16 [(sv22 − sv33)2 + σ222 + σ233] + σ212 + σ223 + σ231 + µ2 (sv22 + sv33)− σ0
6 f =√ 16 (sv22 − sv33)2 + σ212 + σ223 + σ231 + µ2 (sv22 + sv33)− σ0
7 f = 16 [(sv22 − sv33)2 + σ222 + σ233] + σ212 + σ223 + σ231 − (T − C)(sv22 + sv33)2 − TC
8 f =√ 16 (sv22 − sv33)2 + σ212 + σ223 + σ231 + µ(sv22 + sv33)− σ0
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Figure 3.2: Plots of trialled yield criteria; numbers inside graph
correspond to rows in table 3.1
considered typical of carbon/epoxy systems. The values of µ and sv0 are calculated
following the method outlined in the following section.
Plots 1, 2, 3, 5 and 7 are unsuitable because they do not exhibit the continuing
increase in yield stress with hydrostatic pressure.
The choice of a suitable yield criterion is based on plotting the predicted curve of
change in shear yield stress against hydrostatic pressure. These curves are plotted
in figure 3.3 with experimental data for the matrix cracking of graphite tubes [6].
Although the experimental values are not necessarily for yield, they provide a first
point of comparison for yield criteria. Figure 3.3 shows the predicted yield val-
ues for the Drucker-Prager and Raghava yield criterion, both modified to have no
dependence on σ11.
The resulting criterion is a modified version of the Raghava criterion, generalised to
include µ and σ0 instead of just the tensile and compressive yield strengths:
f =
√
1
6(sv22 − sv33)
2 + σ212 +Nσ223 + σ231 +
µ
2 (sv22 + sv33)− sv0 (3.11)
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Figure 3.3: Predicted yield curves under hydrostatic pressure using
Drucker-Prager and Raghava criteria modified for UD composites
compared to experimental data for matrix cracking from [6]
As the material is assumed to be transversely isotropic, the constant N is included
to account for the difference in shear properties out of plane. In this work it is
assumed N = 1 as it is difficult to quantify and unless a σ23 stress is present it has
no effect.
This criterion is able to produce a similar shape to the the hyperbolic Drucker-
Prager model described previously, but without the need for the calculation of several
different material constants and is more suitable for computational implementation.
3.4 Derivation of coefficients for yield criteria
The determination of the constants µ and sv0 requires material data from two uniaxial
loading tests. Following the method described by Dean and Crocker [40] for the
developed yield criterion for UD composites:
f =
√
1
6(sv22 − sv33)
2 + σ212 +Nσ223 + σ231 +
µ
2 (sv22 + sv33)− sv0 (3.12)
Substituting σ12 = S into equation 3.12 and setting all other stresses to zero with
f = 0 leads to:
σ0 = S (3.13)
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Alternatively, if σ22 = −C and all other stresses and f are equal to zero in equation
3.12, then:
σ20 =
C2
6 − µ
C
2 (3.14)
Finally, when σ22 = T , if all other stresses and f equal zero, then the following
expression is obtained:
σ20 =
T 2
6 + µ
T
2 (3.15)
Provided shear and compression loading data is available for the material, solving
equations 3.13 and 3.14 leads to:
µ = C3 −
2S2
C
(3.16)
σ0 = S (3.17)
Alternatively, for shear and tension loading data, using equations 3.13 and 3.15
gives:
µ = T3 +
2S2
T
(3.18)
σ0 = S (3.19)
If compression and tension data are available, combining 3.14 and 3.15 results in:
µ = C
2 − T 2
3 (T + C) =
C − T
3 (3.20)
σ0 =
√
TC
6 (3.21)
It should be noted that the numerical value of µ differs depending on the choice
yield stresses used for its calculation. For a composite with values of compressive,
tensile and yield stress of 120 MPa, 73 MPa and 57 MPa, respectively, depending on
the combination of yield stresses used, from the equations above the absolute value
of µ can be from 15.7 to 24.2. As all of the calculations of µ use a ratio of yield
stresses, the definition of the yield point becomes important. This is the subject of
the next section.
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Figure 3.4: Methods of defining the yield stress, 1) Nonlinear point, 2)
Considere’s construction, 3) Plateau
3.5 Definitions of yield stress
There are several different methods of defining the yield stress of a material from
the stress strain curve, especially in materials such as polymers when the point of
non-linearity can be difficult to determine. Figure 3.4 shows three examples:
1. The point of initial non-linearity
2. Considere’s construction [41]
3. The plateau of the curve [29]
In Considere’s construction, the yield point is taken to be the point at which a line
passing through a strain of -1% is tangent to the yield curve. This method is found
to give the values of the hydrostatic pressure coefficient, µ, that lead to realistic
increases in yield strength with increasing hydrostatic pressure, when compared to
predictions of matrix cracking. Figure 3.5 shows the predicted yield curves using
different methods of defining the yield stress. The plot uses the yield criteria in
equation 3.12 and also shows the predicted matrix cracking curve produced using
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Table 3.2: Input data for figure 3.5, comparing yield definitions plotted
with matrix cracking predictions
Yield Definition C (MPa) S (MPa)
Considere’s Construction 90 66
Plateau of curve 160 120
Values from WWFE [2] 125 97
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Figure 3.5: Comparison of different definitions of yield, plotted with
matrix cracking predictions using equation 5.9
the Pinho et al. matrix failure index (equation 5.9). The input data required to
generate the plot is shown in table 3.2 and is for the material T300-PR319.
Considere’s construction is preferred to the definition of the non-linear point as it is
easier to read this value from an experimental stress-strain curve. Using the plateau
method, or the experimental strength values given in the WWFE [2], the predictions
in figure 3.5 never show yielding before cracking. Experimental observations in the
literature show under suitable loading conditions (e.g. pure shear), yield does occur
before cracking, so methods using the plateau of the experimental curves or the
strength values are therefore not considered sensible for the definitions of µ and σ0
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3.6 Selection of a suitable flow rule
It is possible to use any function for the plastic potential function, g to establish
non-associative flow. However, the flow rule should be defined such that it matches
experimental observations [20]. Generally, the flow rule for hydrostatically sensitive
materials is defined by modifying the value of the hydrostatic pressure sensitivity
coefficient [20, 21, 40]. For example, using the isotropic linear Drucker-Prager yield
criterion
f =
√
J2D + µσm (3.22)
leads to the following flow rule:
g =
√
J2D + µ′σm (3.23)
The definitions of the non-associative hydrostatic sensitivity, µ′ are discussed in the
following section.
3.7 Definitions of hydrostatic sensitivity in non-
associative flow
The derivation of the parameter µ′ for non-associative flow of an isotropic material
has been given by Zhang et al. [19]. The yield criterion used is:
g =
√
µ′σ2m + J22D (3.24)
The derivation assumes a uniaxial compression in the z-direction of a foam material.
The volumetric plastic strain is then:
dεvp = dεxxp + dεyyp + dεzzp = (1− 2νp) dεzzp (3.25)
where νp is the plastic Poisson’s ratio.
Differentiation of equation 3.24 with respect to σ and substituting into the flow rule
(equation 2.18) results in:
dεp = dλ
3
2g
[
Sˆ− 2µ
′
9 σmI
]
(3.26)
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where Sˆ is the deviatoric stress tensor and I is the identity matrix.
For uniaxial deformation, equation 3.26 can be decomposed into its longitudinal
dεzzp = dλ
3
2g
[
Szz − 2µ
′
9 σm
]
(3.27)
and volumetric plastic strains
dεvp = −dλµ
′σm
g
(3.28)
The value of longitudinal deviator is Szz = −2σm.
Combining equations 3.25, 3.27 and 3.28 gives an expression for µ′:
µ′ = 3(1− 2νp)2(1 + νp) (3.29)
Modifying this derivation so that there is no plastic deformation in the fibre direction
gives the volumetric plastic strain as dεvp = (1− νp) dεzzp, which leads to:
µ′ = 3(1− 2νp)(2 + νp) (3.30)
The above equation should be used with caution as it often requires non-physically
sensible values of νp to obtain reasonable values of the non-associated hydrostatic
pressure coefficient, µ′. However, the same comment can be made for the isotropic
material expression in equation 3.29, in which plausible flow behaviour is only ob-
tained if 0 ≤ νp ≤ 0.5 [42].
The value of µ′ can also be calculated using experimental stress strain curves from
different loading conditions and the effective stress. In this method, a value is chosen
that results in the experimental curves from two different uniaxial tests - for example
shear and compression - to match. Alternatively, µ′ can be calculated based on the
volume change seen experimentally in a material under a given loading. However,
this method is not considered practical as volume change is rarely measured.
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3.8 Flow rule
By altering the hydrostatic sensitivity coefficient when plastic flow occurs, the yield
criterion shown in equation 3.11 leads to:
g =
√
1
6 (σ22 − σ33)
2 + σ212 +Nσ223 + σ231 +
µ′
2 (σ22 + σ33) (3.31)
However, when loading in shear is applied, the above equation with the value of
µ′ that matches the effective stress-strain curves under different loading regimes
produces a non-negligible change in volume of the material. Similarly observed
volume changes for isotropic materials are widely reported in the literature [43].
This volume change has been noted experimentally for materials such as concrete,
soil and clay and can be considered a limitation of the Drucker-Prager type models
as the hydrostatic stress and mean stress are both used in the formulation of the
yield criterion [37,43].
An alternative formulation of the yield criterion was investigated to eliminate the
volume change, leading to a criterion that depends on the sign of the hydrostatic
pressure:
f =
√
1
6 (σ22 − σ33)
2 + σ212 +Nσ223 + σ231 +
µ
2 (σ22 + σ33)
2 sign (σ22 + σ33)− σ0
(3.32)
and one which depends on the cubic of the hydrostatic pressure:
f =
√
1
6 (σ22 − σ33)
2 + σ212 +Nσ223 + σ231 +
µ
2 (σ22 + σ33)
3 − σ0 (3.33)
However, the criteria in equations 3.32 and 3.33 merely shift the problems to different
loading regimes, resulting in unrealistic predictions when, for example, a material
is loaded in a combination of shear and transverse compression. Furthermore, they
do not capture the yield under hydrostatic tension as well as equation 3.12, as they
remain relatively open to high values of hydrostatic tension (see figure 3.6).
As a result, the flow rule in equation 3.31 is used, which corresponds to the yield
criterion in equation 3.11. If the volume change of the material is not desired, µ′ = 0
can be specified so that there is no volume change.
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Figure 3.6: Yield criteria using equations 3.33 (Criterion 1) and 3.32
(Criterion 2) plotted with experimental matrix cracking results from [6]
3.9 Conclusions
The proposed yield criterion shown in equation 3.11 is pressure dependent and able
to produce a similar shape to the hyperbolic Drucker-Prager and the Raghava cri-
teria described previously, whilst remaining relatively simple and allowing for linear
material response in the fibre direction. Thus, it is considered suitable for modelling
the yield of unidirectional fibre-reinforced polymer-matrix composites.
When loading in shear is applied using non-associative flow with the value of µ′
that matches the effective stress-strain curves under different loading regimes, a
non-negligible change in volume of the material can result [43]. This volume change
has been noted experimentally for materials such as concrete, soil and clay and can
be considered a limitation of Drucker-Prager type models as the hydrostatic stress
and mean stress are both used in the formulation of the yield criterion [37, 43]. If
the volume change of the material is not desired, it can be eliminated by specifying
µ′ = 0.
To complete the constitutive model, an effective stress and the the post-yield be-
haviour must be defined. This is the subject of the following chapter.
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Chapter 4
Effective stress, hardening and
hydrostatic pressure dependence
4.1 Overview
In order to formulate a constitutive model based on plasticity theory, an effective
stress is required to model the response of the material under different loading
regimes. Furthermore, the post yield hardening behaviour must be defined and
has been shown experimentally (see figure 2.2) to change with the application of
hydrostatic pressure.
4.2 Effective Stress
Figure 4.1 shows effective stress-strain plots obtained using several different defini-
tions of effective stress found in the literature [23, 29, 44] for typical carbon-epoxy
materials. For the model currently in development, the effective stress defined by
Goldberg et al. [29] and Xie and Adams [23] is used, whereby:
σe =
√
3g (4.1)
The effective stresses used in figure 4.1 are shown in table 4.1.
This effective stress is chosen as the model in development is similar to the Drucker-
Prager model used by Goldberg and it allows the data from different loading regimes
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Figure 4.1: Effective stress-strain plots using definitions found in the
literature and plastic strain
to be matched when using the yield criterion in equation 3.11, as shown in figure
4.2. The material used to generate this plot is IM7-8552, with µ = 4 and σ0 = 61
MPa. An alternative form of the effective stress is outlined in Appendix A.
Following the method used by Goldberg et al. [29], the incremental effective plastic
strain is defined as:
dεpe =
√
2
3dεp : dεp (4.2)
4.3 Hardening
Kinematic hardening is selected for the model as it is able to reproduce the exper-
imentally observed constitutive behaviour of polymers and unidirectional compos-
ites [45,46]. Furthermore, it is able to suitably model material unloading. Figure 4.3
shows the translation of the yield surface of a composite material under two different
applied loading cases, as recorded by Voyiadjis and Thiagarajan [46], indicating that
kinematic hardening occurs, but there is little isotropic hardening.
The simplest form of kinematic hardening is attributed to Melan [20], given by the
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equation:
dα = cdεp (4.3)
However, this equation only produces linear hardening, which is unrealistic for the
modelling of the non-linear behaviour of composites, where a non-linear hardening
rule more closely matches the experimental observations.
The kinematic hardening is included in the model using the back stress, α. The
yield criterion then becomes:
f =
√
1
6 (ξ22 − ξ33)
2 + ξ212 +Nξ223 + ξ231 +
µ
2 (σ22 + σ33)− σ0 (4.4)
where ξij = σij − αij.
The simplest and most commonly used non-linear hardening rule used in the litera-
ture is the Armstrong-Frederick rule [20, 21,44]. The evolution of the back stress is
given by the Armstrong-Frederick non-linear kinematic hardening rule through the
use of the material constants c and γ:
dα = 23cdεp − γαdε
p
e (4.5)
Under a uniaxial loading the above equation reduces to dα = 23cdεp− γαdεp, which
can be integrated with the assumption that there is zero back stress when the plastic
strain is zero to give equation:
α = c
γ
(1− e(−γεp)) (4.6)
To ensure that the Armstrong-Frederick rule is suitable for composites, the pre-
dicted hardening using equation 4.6 is compared with the experimental data from a
transverse compression test for IM7-8552 [2], as shown in figure 4.4.
4.4 Calculation of the plastic multiplier
The plastic multiplier, dλ for non-associative flow is calculated by substituting
Hooke’s Law into the consistency condition. It is derived here following the method
found in Dunne and Petrinic [44] for the derivation of an associative flow plastic
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Figure 4.4: Evolution of hardening compared to experimental data [47]
multiplier. Using the selected yield, the derivation is based on the consistency con-
dition. The consistency condition states that the stress state must remain on the
yield surface and is expressed for a material undergoing kinematic hardening by:
df
dσdσ +
df
dαdα = 0 (4.7)
Furthermore, the effective plastic strain can be related to the plastic multiplier by
writing the plastic potential as a function of the stresses [44]:
g =
√
3
2 (σ −α) : (σ −α) +
µ′
2 σ
′
m = J (σ −α) (4.8)
where σ′m = σ22 + σ33.
The plastic strain is then given by:
dεp = dλ
∂g
∂σ
= dλ
3
2 (σ −α) + µ
′
2 σm
J (σ −α) (4.9)
Using the definition of effective plastic strain given in equation 4.2, the effective
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plastic strain using equation 4.9 is:
dεpe = dλ
√
3
2 (σ −α) : (σ −α) + µ
′
2 σm
J (σ −α) = dλ (4.10)
Substituting Hooke’s Law, dσ = Dedεel, where the elastic strain increment dεel =
dε−dεp and the incremental form of the Armstrong-Frederick non-linear kinematic
hardening rule (equation 4.5) into the consistency condition in equation 4.7 leads
to:
fσDe (dε− dεp) + fα
(2
3cdεp − γαdλ
)
= 0 (4.11)
Substituting equation 4.11 in the flow rule (equation 2.18) results in:
fσDe (dε− dλgσ) + fα
(2
3cdλgσ − γαdλ
)
= 0 (4.12)
Multiplying out and rearranging equation 4.12 leads to:
dλ = fσDedε
fσDegσ + γfαα−
(
2
3
)
cfαgσ
(4.13)
where fσ = dfdσ , fα =
df
dα
, gσ = dgdσ and De is the elastic stiffness matrix.
4.5 Modelling of increase in elastic modulus
Previous studies have indicated the elastic modulus of polymers and composites
is greater when hydrostatic pressure is applied [6, 48]. The effect of hydrostatic
pressure on the elastic region is modelled in the same way as in Pinho et. al [9]:
E = E0 + ηEσm (4.14)
G = G0 + ηGσm (4.15)
where E0 and G0 are the secant Young’s and shear moduli with no applied hydro-
static pressure. The slope coefficients for the secant Young’s and shear modulus,
ηE and ηG respectively, are assumed to be ηE = 16 and ηG = 0.2, as in the work
of Pinho et al. [9]. As the fibre direction is not affected by this increase due to the
presence of fibres, here σm is redefined as σm = 12 (σ22 + σ33).
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4.6 Evolution of hardening with hydrostatic pres-
sure
As γ → 0, the Armstrong-Frederick rule reduces to linear kinematic hardening. The
value of γ must be positive to cause the modulus to drop in the plastic region,
however, the experimental data (see figure 2.2) suggests that the value must drop
with increasing hydrostatic pressure. Two forms of this evolution are proposed;
linear and exponential.
The linear form is stated as:
γ = γ0 + ηγσm (4.16)
The exponential form is:
γ = γ0eηγσm (4.17)
If the linear form (equation 4.16) is used an if statement is required to set the value
to γ = 0 if γ < 0. This is not required for the exponent version which tends to
zero as the hydrostatic pressure is increased. In both versions, the value of the
slope coefficient for γ, ηγ, must be defined based on experimental observations. A
comparison of the evolution of gamma using the two forms with experimental data
is shown in figure 4.5.
To identify the parameter ηγ and similarly, the effect of hydrostatic pressure in the
elastic region, tests are required on UD composites with superimposed hydrostatic
pressure to generate stress-strain curves such as figure 2.2. The parameters are eas-
ily identifiable from these stress strain curves. For the linear region, the change in
slope of the curve is plotted against hydrostatic pressure to obtain slope coefficients
for Young’s modulus and shear modulus (figure 2.3), ηE and ηG, respectively. For
the non-linear region, the non-linear hardening law is plotted along with the exper-
imental data at different values of γ. The parameter ηγ is determined from a plot
of γ against hydrostatic pressure, such as that in figure 4.5, using either the linear
or exponential evolution law.
4.7 Predictions
The model is implemented as a stand-alone FORTRAN code to simulate a uniaxial
material loading. The exponential evolution of γ (equation 4.17) is used as it more
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Figure 4.5: Comparison of linear and exponential evolution of γ with
hydrostatic pressure using values of γ measured from the experimental
results for UD composites in shear by Shin and Pae [6]
closely reproduces the experimental data (see figure 4.5). The experimental data for
T300/PR319 was obtained using the high pressure torsion test apparatus, details of
which can be found in the literature [6, 49].
Figure 4.6 shows a comparison of the predictions produced by the model to the
change in shear response with increasing hydrostatic pressure for a T300/PR319
carbon-epoxy material system. The slope coefficient for shear, ηG, was calculated as
a best fit to the data shown in figure 2.2b. The slope coefficient ηγ was calculated
suing the curves for p = 0 MPa and p = 200 MPa in figure 2.2a.
Figure 4.7 shows the experimental data for AS4/55A with differing transverse load-
ing applied plotted with the predicted curves. In the experimental procedure the
σ2 component is applied first, followed by the shear, with the curves being plotted
during the shear loading phase [10]. Details of the procedure used to generate this
data can be found in [50]. The required slope coefficients are calculated from the
experimental data in figure 2.4 in the same way as for T300/PR319, using the data
at σ2 = 0 MPa and σ2 = −34.5 MPa. The input data used to produce figures 4.6
and 4.7 is shown in table 4.2.
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Table 4.2: Material properties for T300/PR319 and AS4/55A
Model Parameters γ0 G12 (MPa) ηγ µ (MPa) ηG c σ0 (MPa) N
T300/PR319 21 1300 0.0014 6.1 0.18 13000 64 1
AS4/55A 140 4200 0.007 7 0.4 50000 23 1
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Figure 4.6: Comparison of exponential evolution of γ with experimental
data from Shin and Pae [6]
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4.8 Conclusions
A constitutive model for unidirectional composite materials has been proposed that
is able to capture several features of the constitutive response that have previously
been neglected. The model includes the effects of hydrostatic pressure in the elastic
and non-elastic region. It is able to predict the response under multiaxial loading
and matches the experimental stress-strain curves well using non-linear kinematic
hardening up to the experimental failure point, using the exponential evolution for
γ. However, the difference using the linear evolution is small (see figure 4.5).
4.9 Publications
The work presented in this chapter resulted in the following publications:
“Constitutive Model for Unidirectional Composite Materials Including Hydrostatic
Pressure Effects and Non-Linear Kinematic Hardening”, G.M. Vyas, S.T. Pinho and
P. Robinson, 14th European Conference on Composite Materials (ECCM14), 2010
“Constitutive modelling of fibre-reinforced composites with unidirectional plies using
a plasticity-based approach”, G.M. Vyas, S.T. Pinho and P. Robinson, Composites
Science and Technology, Vol. 71, pg 1068-1074, 2011
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Finite element implementation
5.1 Overview
The model is implemented as a user material subroutine and is coded in both
Abaqus/Explicit (VUMAT) and Abaqus/Standard (UMAT) [34] using an explicit
integration scheme. The algorithms developed in this section for the constitutive
model are original. They are combined with an existing failure and damage model
detailed in section 5.5.1 to create a new algorithm shown in section 5.5.2.
To avoid negative square roots in the calculation of the yield function, the chosen
criterion in equation 3.11 is rearranged to match the form of the Raghava criterion
(equation 2.6) and coded as:
f = 16 (ξ22 − ξ33)
2 + ξ212 + ξ223 + ξ231 +
µ
2 (σ22 + σ33)− σ
2
0 (5.1)
where ξij = sij − αij, with the deviatoric stress, sij = σij − 13I1.
5.2 Implicit vs. Explicit integration
For the code to run in implicit finite element codes it should be implemented as
an implicit integration scheme, with an iteration performed to determine the value
of the of the plastic strain increment. Implicit numerical methods in the literature
usually use some form of the radial return algorithm [51,52].
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Figure 5.1: Comparison of implicit and explicit integration schemes [20]
Radial return algorithms use a ’predictor-corrector’ approach, in which a trial stress
is first calculated and then ’returned’ to the yield surface. A comparison between
implicit and explicit schemes is discussed by Jirasek [20] and shown in figure 5.1.
However, a suitable implicit algorithm based on the radial return algorithm for the
model currently in development has not been found in the literature. For most
implicit algorithms, it is assumed that the material is isotropic and the hardening
is linear. The formulation of an algorithm for a pressure dependent, transversely
isotropic material undergoing non-linear kinematic hardening is on going. The model
is presently implemented with an explicit integration scheme in a UMAT subroutine.
Although this can be used to demonstrate the validity of the model, the time step
must be kept very small to avoid convergence errors.
5.3 Implicit implementation
5.3.1 Jacobian
In implicit finite element codes, the equilibrium equations are written at the end
of the increment resulting in a set of non-linear equations in terms of the nodal
unknowns [34, 53]. For this reason the tangent stiffness matrix (also known as the
Jacobian) must be calculated. The Jacobian relates the incremental change in stress
to the incremental change in strain, as shown in equation 5.2. Although accurately
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calculating the Jacobian directly influences the rate of convergence to the solution,
it does not affect the accuracy of the solution.
d∆σ = ∂∆σ
∂∆ε d∆ε (5.2)
However, it has been noted that in cases of non-linear hardening the exact calculation
of the Jacobian can prove problematic. If the Jacobian is not correctly formulated
it can increase the number of iterations required to reach a solution and in some
cases cause divergence. As the accuracy of the solution is not affected, the von Mises
Jacobian [53] is used for the implementation of this model.
5.3.2 Implicit codes in the literature
Several algorithms exist in the literature for the implicit integration of plasticity
schemes. However, none of those found are entirely suitable for the model in devel-
opment. Many authors follow the approach outlined by Simo and Hughes for return
mapping using either radial return backward Euler schemes with a Newton-Raphson
iteration for the unknown plastic multiplier to achieve a quadratic rate of conver-
gence, or a closest-point projection (which can be viewed as a repeated application
of the Newton-Raphson scheme). Backward Euler schemes are popular due to their
stability. However, the majority of these schemes are for isotropic materials. Those
which are developed for anisotropic materials are almost exclusively for plane stress
and are few consider the effects of hydrostatic pressure, instead focusing on models
using “J2 plasticity” (based on the Von Mises yield criterion). Few of the schemes
consider non-linear kinematic hardening.
Khoei and Jamali 2005 [54] develop a model for multi-surface kinematic hardening
that is rate independent and uses a radial return algorithm with a Newton iteration
for the calculation of the plastic multiplier. However, the model is only applicable
to isotropic materials, uses an associated Von Mises criterion and the authors note
numerical difficulties arose from the complexity of the model. It is similar to the
models by Foster et al. [55] for geomaterials, Muhlich and Brooks [56] and Allen
and Wilson [53] for non-associated low cycle metal fatigue, which include kinematic
hardening and pressure sensitivity, but are still only for isotropic materials. The
return mapping algorithm outlined by de Borst [52] is also for isotropic materials
only.
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Although the model by Klinkel [57] is specifically for composite materials, a mi-
cromechanical approach is utilised in which the matrix is modelled as isotropic with
a non-pressure sensitive yield criterion. The model of Boubaker et al [51] is for or-
thotropic materials and uses a generalised mid-point rule, but is only for plane stress
situations, as are the models for fibre-reinforced composites by Sun and Chen [58]
and Yokozeki et al. [59].
The model by Whittle and Kavvadas [60] for overconsolidated soils includes non-
associativity, anisotropy and pressure dependence, but the implicit algorithm is not
fully explained.
5.3.3 Implicit code algorithm
The algorithm for the explicit integration Abaqus UMAT is shown in figure 5.2.
5.4 Explicit implementation
5.4.1 Damaged Poisson’s ratio
If the constitutive model is combined with a damage model, it is necessary to update
the Poisson’s ratios to account for the presence of damage.
At any increment, the Poisson’s ratio, νab, is modified to account for existing damage,
using the available damage variable from the previous increment:
νdamab = (1− dmax) νab (5.3)
where dmax is the maximum value of the damage variable, accounting for the four
failure modes considered, which will be detailed in section 5.5.1.1.
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5.4.2 Stiffness matrix calculation
The stiffness matrix follows Hooke’s Law for orthotropic materials. In flexibility
form, this is:
ε1
ε2
ε3
γ23
γ31
γ12

=

1
E1
−ν12
E1
−ν13
E1
0 0 0
−ν21
E2
1
E2
−ν23
E2
0 0 0
−ν31
E3
−ν32
E3
1
E3
0 0 0
0 0 0 1
G23
0 0
0 0 0 0 1
G31
0
0 0 0 0 0 1
G12


σ1
σ2
σ3
τ23
τ31
τ12

(5.4)
ε = D−1e σ (5.5)
with the subscript 1 denoting the fibre direction, 2 the in-plane transverse direction
and 3 the through-the-thickness direction.
Assuming transverse isotropy, equation 5.4 can be further simplified, as E3 = E2,
G13 = G12, ν13 = ν12 and G23 = E22(1+ν23) .
5.4.3 Updating back stress, stress and effective plastic strain
The back stress is updated using the incremental back stress shown in equation 4.5.
The back stress is then:
αnew = αold + dα (5.6)
The back stress, α can be used with equation 5.1 to determine the value of the yield
function, fnew. If fnew < 1 then the yield surface has not been exceeded and the
updated stress, σnew, is calculated directly from the constitutive law in equation
8.8. If fnew ≥ 1 then the yield surface has been exceeded and the updated stress is
calculated as:
dσnew = Dedε+ dα (5.7)
σnew = σold + dσnew (5.8)
where dα is the increment in back stress given in equation 4.5.
The effective plastic strain is calculated as shown in equation 4.2.
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5.4.4 Constitutive model algorithm
The model has been coded as both an independent subroutine in Abaqus/Explicit
(VUMAT) and as a complete subroutine, with the failure criteria and associated
continuum damage model described by Pinho et al. [9]. The calculation of the
required parameters for the model is shown in Appendix B.
An explicit implementation is utilised to overcome the convergence difficulties asso-
ciated with implicit implementations [61]. The algorithm for the constitutive model
for explicit integration is shown in figure 5.3. The algorithm follows a general re-
turn algorithm with an elastic predictor – as described by Simo and Hughes [62] –
and due to the explicit formulation the forward Euler method is used [34]. Other
possible algorithms are shown in Appendix C.
5.5 Complete constitutive, failure and damage model
explicit coding
The developed constitutive model outlined in the previous chapters and section 5.4
is combined with an existing failure criterion and damage model, which includes a
shear lag model, as described by Pinho et al. [9]. The work of Pinho et al. has
previously relied on either a linear or polynomial extrapolation of the constitutive
response. The algorithm for the new model using the plasticity-based formulation
is shown in section 5.5.2.
5.5.1 Existing failure criteria and damage model [9]
5.5.1.1 Failure onset indices
The failure criteria are taken from Pinho et al. [9] and include failure indices for
fibre failure, matrix failure, fibre kinking and fibre splitting.
The failure index for matrix failure is a modified version of the Mohr-Coulomb
criterion adapted for UD composites:
FIM =
(
τT
SisT − ηTσN
)2
+
(
τL
SisL − ηLσN
)2
+
(〈σN〉+
Y isT
)2
(5.9)
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Figure 5.3: Algorithm for Abaqus/Explicit VUMAT subroutine
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where Y isT is the in-situ in-plane transverse tensile shear strength, SisT and SisL are
the transverse and longitudinal in-situ transverse shear strengths. σN is the normal
component of the traction and ηT and ηL are the slope coefficients for transverse and
longitudinal shear strength, respectively. The McCauley brackets 〈.〉+ are defined
as 〈x〉+ = max {0, x} and tT and tL are the transverse and longitudinal shear
component of the traction:
σN = σ2+σ32 +
σ2−σ3
2 cos (2αm) + τ23 sin (2αm)
τT = −σ2−σ32 sin (2αm) + τ23 cos (2αm)
τL = τ12 cos (αm) + τ31 sin (αm)
(5.10)
The failure index for fibre tensile failure is based on a maximum stress criterion and
is stated as:
FIFT =
〈σN〉+
XT
(5.11)
where XT is the longitudinal tensile strength.
For fibre kinking and splitting failure, the same failure index is used:
FIKINK = FISPLIT =
(
τ2m3ψ
SisT − ηTσ2m
)2
+
(
τ1m2m
SisL − ηLσ2m
)2
+
(〈σ2m〉+
Y isT
)2
(5.12)
Fibre kinking is predicted if σ1 ≤ −Xc2 and fibre splitting is occurring if σ1 ≥ −Xc2 ,
where XC is the longitudinal compressive strength. ψ denotes the angle of the
kink band and is found numerically so as to maximise FIKINK . The superscript m
denotes a coordinate system aligned with an initial misalignment angle, detailed by
Pinho et al. [9, 18, 63].
5.5.1.2 Damage model
Once failure is predicted by any of the equations 5.9-5.12, the traction acting on the
fracture plane is reduced to zero, using a cohesive zone in such a way that the correct
fracture toughness for the specific failure mode is attained, as by Pinho et al. [9].
The stresses obtained from the constitutive law are designated effective stresses, as
they are the stresses which act on the effective resisting area of the material once
failure started propagating. The stresses which are in fact applied to the material,
dependent on damage, are designated nominal stresses.
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Figure 5.4: Coordinate system aligned with the crack [9]
The effective stress tensor in the material coordinate system is rotated to a coor-
dinate system aligned with the fracture plane, as shown in figure 5.4, thus defin-
ing σlmn = {σl σm σn τlm τmn τnl}T . The effective traction vector is given as
τ = {σn τmn τnl}T . The presence of the crack / damage is simulated by degrading
the traction components, such that the nominal tractions are defined as:
t =
{ (
1− d 〈σn〉+
σn
)
σn (1− d) τmn (1− d) τnl
}T
(5.13)
where d represents the damage variable. The nominal stresses expressed in the
coordinate system aligned with the fracture plane are:
σlmn =
{
σl σm
(
1− d〈σn〉+
σn
)
σn τlm (1− d) τmn (1− d) τnl
}T
(5.14)
For matrix cracking in multidirectional laminates, a constant stress is assumed per-
pendicular to the fibres during the accumulation of cracks, and the traction com-
ponents are only reduced to zero when delamination is predicted to occur using a
shear lag model [18, 63] (see following section), as shown in figure 5.5. The strains
εo, εd and εf indicate cracking onset, delamination onset and the strain at complete
decohehsion, respectively, perpendicular to the fibres. This model for matrix crack-
ing has been compared against other models in the literature by Schuecker et al. [64]
and was shown to compare particularly well.
The maximum damage variable for degrading the Poisson’s ratios (equation 5.3),
dmax, is defined as:
dmax = max (dft, dkink, dsplit, dmat) (5.15)
and the subscripts ft, kink, split and mat represent fibre tension, kinking, splitting
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Figure 5.5: Progressive cracking for a ply in a multidirectional
laminate [9]
and matrix damage, respectively.
The energy per unit volume dissipated by the formation of cracks in a ply embedded
within the lamina is Ucrack = 12σ
0
(
εd − ε0
)
, as shown in figure 5.5. The strain at
the onset of delamination is given by:
εd = ε0 + 2nGc
σ0
(5.16)
where Gc is the critical energy release rate for the failure mode, n is the satura-
tion crack density and σ0 is the magnitude of the traction at the onset of failure
perpendicular to the fibres. Further loading beyond εd will result in delamination,
where the energy dissipated by the model is Udelam = 12σ
0εf . In a finite element im-
plementation, Udelam can be used to simulate delamination using cohesive contacts
between the plies. The current value of the crack density is given by the ratio of
delamination energy to cracking energy divided by the characteristic length of the
element [9].
To reproduce the stress-strain response shown in figure 5.5, the damage variable, d,
62
CHAPTER 5. FINITE ELEMENT IMPLEMENTATION
is defined as the maximum value in time of
dinst = max
{
0, min
{
1− σ
0
σ¯
, 1− σ
0
σ¯
εf − ε
εf − εd , 1
}}
(5.17)
d = max
time
{
dinst
}
(5.18)
where σ¯ is the magnitude of the effective traction vector.
5.5.1.3 A shear lag based crack accumulation model
The matrix failure criterion used by Pinho et al. [9] is described in equation 5.9.
During matrix failure the mechanical response of a composite ply is dependent on
the fracture angle, αc. If αc = 0, once the first crack is formed it will be followed
by the formation of other cracks until a saturation level is reached, ending with
delamination. If αc 6= 0, no crack accumulation takes place.
For an embedded ply with αc = 0, the saturation crack density, n, can be calculated
from a shear lag model assuming constant shear stresses at the interface equal to
the shear strength (see figure 5.6), where 2L is the distance between cracks. The
shear lag model also ignores through thickness stresses and assumes the cracks are
equally spaced [65].
n = S
is
L
hY isT
(5.19)
where h is the total thickness of the plies of the same orientation clustered together.
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2L
Figure 5.6: Shear lag model [9]
For an outer ply shear is only transmitted from one side of the ply, so the saturation
crack density is half that for embedded plies.
5.5.2 Complete model algorithm
The algorithm for the complete constitutive, failure and damage model is shown
in figure 5.7. The current stress state is computed using the constitutive model.
The failure criteria are then applied to determine whether failure has occurred using
the stress state from the constitutive model. If failure has occurred, the material
properties are degraded accordingly by the damage model. The updated variables
are then stored for the next increment and output back to the FE code.
5.6 Shell explicit version of complete constitutive,
failure and damage model
In order to reduce the run time of large simulations with many elements made using
the model, a plane stress version of the complete model has also been coded as an
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Figure 5.7: Algorithm for complete constitutive, failure and damage
model
Abaqus/Explicit VUMAT. Furthermore, under many loading conditions laminates
are considered to be in a plane stress state and the 3D model is not required.
The constitutive model subroutine uses a plane stress formulation as described by
Simo and Hughes [62]. In the failure and damage models, the through thickness
stress components are set to zero to attain plane stress. This model is intended for
use with conventional shell elements.
5.7 Conclusions
An improved constitutive model for unidirectional composite materials which ac-
counts for hydrostatic pressure and multiaxial loading effects has been combined
with a set of failure criteria and damage model. The complete model is coded as
a material subroutine in a commercial finite element code (Abaqus/Explicit VU-
MAT). Using the new complete constitutive, failure and damage model, predictions
are made that closely reproduce the observed experimental behaviour of unidirec-
tional composites with varying layups and ply thicknesses. Furthermore, the effect
of material unloading is modelled through the use of kinematic hardening, a fac-
tor which is sometimes overlooked when modelling UD composites with continuum
damage models.
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5.8 Publications
The work presented in this chapter resulted in the following publications:
“Computational Implementation of a Novel Constitutive Model for Multidirectional
Composites”, G.M. Vyas, S.T. Pinho, Computational Material Science, Vol. 51, pg
217-224, 2012
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Chapter 6
Constitutive model applications
6.1 Overview
The constitutive law, failure criteria and damage model (hereby termed the ’com-
plete’ model) is applied to simulate the constitutive response and the matrix crack
accumulation of several laminates found in the literature. Where available, experi-
mental data is used for comparison. Furthermore, the implementation is tested in
the simulation of unloading and predictions are made for the modulus drop of a lam-
inate. The examples chosen demonstrate the predictive capabilities of the complete
model.
In some cases the new constitutive law is compared with either linear or third-order
polynomial extrapolations of the experimental constitutive curves, with the same
failure/damage model, to show the improvement in predictions made with the new
model.
6.2 Modelling and input data
All predictions are made using a simple model of the laminate with appropriate
boundary conditions. One element per ply is used, with reduced integration 8 node
3D brick elements. Unless otherwise stated, a single 1mm x 1mm element models
the entire ply. Symmetry boundary conditions are applied where deemed appropri-
ate with displacements applied to simulate the loading conditions (see figure 6.1).
Predictions for test cases using multidirectional laminates containing 0◦ plies are
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Figure 6.1: Boundary conditions applied for the single element tests
plotted until fibre tensile failure in the 0◦ plies. For all other test cases final failure
is considered to be when matrix failure has occurred in all plies.
The input data used is shown in Table 6.1, in which the elastic properties and
strengths are found in the literature [3, 66]. Where not stated, the ply thickness
is assumed to be 0.25mm. The in-situ values are calculated following a previously
outlined shear lag based approach [9, 67, 68] and are shown in Table 6.2. The de-
termination of the parameters for the constitutive model have been outlined in the
previous chapters, with the compressive and shear yield stresses, C and S, respec-
tively, being measured as the onset of non-linearity in experimental stress-strain
curves given by Kaddour et al. [3]. γ0 is calculated by plotting the non-linear hard-
ening law with no applied hydrostatic pressure and comparing with the constitutive
response curves.
In order to compare the developed model with a simpler third-order polynomial
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Figure 6.2: Experimental curves of a) transverse compressive and b)
shear response of E-Glass/MY750 [3]
extrapolation, experimental data for the shear and transverse compressive response
of E-glass/MY750 is required. This is shown in figure 6.2, from which the coefficients
of the third-order polynomials are obtained. If the third-order polynomial is used,
then the experimental transverse compression and shear curves are matched using
a third-order extrapolation and then input into the failure/damage model and it
is assumed all shear deformations follow the input shear curve and all compressive
deformations follow the compressive curve.
A summary of the simulations performed, including mesh size and geometry, is
shown in table 6.3.
6.3 Results
6.3.1 Stress vs. strain and crack accumulation
A (0◦/90◦4)s E-glass/MY750 laminate loaded in tension in the fibre direction of the
0◦ plies is simulated using the complete model. Each ply has a thickness of 0.125
mm and predictions are made up to fibre fracture in the 0◦ plies. Figure 6.3 shows
the predicted stress vs. strain curves and crack density variation using a) a simple
third-order polynomial extrapolation of the experimental constitutive data (shown
in figure 6.2) and b) the new constitutive model. The experimental data shown is
for a similar material tested by Joffe and Varna [69], with a ply thickness of 0.144
mm.
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Table 6.1: Material properties used for predictions
E-Glass/ HyE 9082Af/ IM7/ G40-800/
MY750 Fiberite 8551-7 5260
[3] [66] [3] [3]
Longitudinal modulus, E1 (GPa) 45.6 44.7 165 173
Transverse modulus, E2 (GPa) 16.2 12.7 9 10
Shear Modulus, G12 (GPa) 5.8 5.8 5.6 6.94
In-plane shear modulus, ν12 0.278 0.297 0.34 0.33
Longitudinal tensile strength, XT (MPa) 1280 12804 2560 2750
Longitudinal compressive strength, XC (MPa) 800 8004 1590 1700
Transverse tensile strength, YT (MPa) 40 404 73 75
Transverse compressive strength, YC (MPa) 145 1454 185 210
In-plane shear strength, SL (MPa) 73 734 90 90
Hardening law material constant, c 70 000 80 000 100 000 80000
Initial value of γ in hardening law, γ0 100 110 60 90
Slope coefficient for γ, ηγ 0.002† 0.002† 0.002† 0.02
Compressive yield stress, C (MPa) 90 904 122 120
Shear yield stress, S (MPa) 34 344 52 44
Slope coefficient for Young’s modulus, ηG 0.2† 0.2† 0.2† 0.2†
Slope coefficient for shear modulus, ηE 16† 16† 16† 16†
Matrix Mode I toughness, GIc (kJ/m2) 0.165 0.1654 0.21 0.21
Matrix Mode II toughness, GIIc (kJ/m2) 0.8 0.84 0.8 0.8
Fibre tension Mode I toughness, GIc (kJ/m2) 45 924 92 92
Kinking Mode I toughness, GIc (kJ/m2) 40 804 80 80
Transverse shear strength slope coefficient, ηT 0.287* 0.287* 0.287* 0.287*
Longitudinal shear strength slope coefficient, ηL 0.082* 0.082* 0.082* 0.082*
Longitudinal thermal coefficient, α1(x10−6/◦C) 8.6 - -1 -0.6
Longitudinal thermal coefficient, α2 (x10−6/◦C) 26.4 - 18 36
Through thickness thermal coefficient, α3 (x10−6/◦C) 26.4 - 18 36
Stress free temperature (◦C) 120 - 177 195
*estimated values based on authors’ experience and literature [9]
†calculated from the experimental curves of Shin and Pae [6] with an exponential evolution of γ
4Assumed values based on a similar material (E-Glass/MY750)
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Table 6.2: In-situ material properties used depending on thickness and
position of ply within the laminate
Material E-Glass/ HyE 9082Af/ IM7/ G40-800/
MY750 Fiberite 8551-7 5260
Thickness (mm) 0.125 0.2 0.25 0.5 0.144 0.125 0.14
SisL Thin embedded 150 130 76 72 87 93 90
(MPa) Thin outer 130 110 74 72 - 81 79
2x Thin embedded 130 110 74 72 - 81 79
Thick 72 72 72 72 - 106 93
SisT Thin embedded 158 108 91 80 114 94 89
(MPa) Thin outer 101 85 80 67 - 71 87
2x Thin embedded 101 85 80 67 - 71 87
Thick 59 59 59 59 - 81 61
Y isT Thin embedded 127 103 101 81 113 85 89
(MPa) Thin outer 101 87 86 60 - 63 74
2x Thin embedded 101 87 86 60 - 63 74
Thick 60 60 60 60 - 102 113
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Figure 6.3: Predicted stress vs. strain response and crack density
variation for a (0◦/90◦4)s laminate of E-glass/MY750 with (a) polynomial
extrapolation and (b) new constitutive model. Experimental crack density
results are taken from Joffe and Varna [69]
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Figure 6.4: Predicted stress vs. strain response - σx vs. εx and σx vs. εy
with crack density variation for a 0◦/90◦/0◦ laminate of E-Glass/MY750
with ply thickness 0.125 mm
A prediction is also made using only the new constitutive model for a 0◦/90◦/0◦
laminate of the same material and ply thickness, shown in figure 6.4.
Similarly, a quasi-isotropic laminate of the same material is simulated and compared
with experimental data from Tong et al. [70]. The layup is (0◦/90◦/− 45◦/+ 45◦)s,
the ply thickness is 0.5 mm and the loading is in the direction of the 0◦ plies. Again,
the prediction is shown up to fibre fracture in the 0◦ plies in figure 6.5a) using an
existing linear constitutive model and figure 6.5b) using the new constitutive model
based on plasticity theory.
Using the new constitutive model, the constitutive curves and crack density evolu-
tion for 0.14 mm ply thickness (0◦/ − 45◦/ + 45◦/90◦)s and (+45◦/0◦/90◦/ − 45◦)s
laminates of G40-800/5260 and are shown in figures 6.6 and 6.7, respectively.
Figure 6.8 shows an experimental test set up used to obtain σz vs. εz and σz vs.
εx = εy for a (0◦/90◦)s laminate of IM7/8551-7. The predicted response is modelled
by creating a finite element model of the experimental set up with 0.25mm x 0.25mm
mesh with reduced integration brick elements. The predicted response is shown in
6.9, with experimental data from a quasi-isotropic layup of the same material [71].
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Figure 6.5: Predicted stress vs. strain response and crack density
variation for a (0◦/90◦/− 45◦/+ 45◦)s laminate of E-glass/MY750 using a)
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Figure 6.8: Geometry of the finite element model used for the simulation
–σz vs. εz and σz vs. εx = εy for a (0◦/90◦)s laminate of IM7/8551-7
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Figure 6.9: σz vs. εz and σz vs. εx = εy for a (0◦/90◦)s laminate of
IM7/8551-7, with experimental data for a similarly loaded quasi-isotropic
laminate [71]
6.3.2 Stress-strain response with hydrostatic pressure
A ±35◦ laminate of E-glass/MY750 is compressively loaded in the y-direction with
a superimposed hydrostatic pressure of svx = svz = −100 MPa. The ply thickness
of the laminate is 0.25 mm. Figure 6.10 shows the predicted response using the
complete model. The experimental data is taken from Kaddour et al. [72].
6.3.3 Modelling of unloading
To test the modelling of unloading, the stand-alone VUMAT is used for a single
90◦ ply of IM7/8551-7 with 0.5 mm ply thickness. A load of 180 MPa is applied
transverse to the fibres, then removed, before the material is reloaded to 200 MPa.
The simulated response is shown in figure 6.11.
The σx vs. εx and σx vs. εy curves for a (±50◦)3s laminate of E-Glass/MY750 with
a ply thickness of 0.2 mm are shown in figure 6.12. A stress of 120 MPa is applied,
then unloaded, followed by reloading to final failure. In this case final failure is
considered to be when all plies have suffered matrix failure.
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Figure 6.10: Predicted stress vs. strain response for a ±35◦ laminate of
E-glass/MY750 with svx = svz = −100 MPa, experimental data from
Kaddour et al. [72]
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Figure 6.11: Simulation of applied compressive loading, unloading and
reloading of a single 90◦ ply of IM7/8551-7
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Figure 6.12: Predicted loading, unloading and reloading curves - σx vs.
εx and σx vs. εy for a (±50◦)3s laminate of E-Glass/MY750 with ply
thickness 0.2 mm
6.3.4 Predicted modulus change
The complete model has also been used to predict the change in modulus of a HYE
9082Af/Fiberite laminate with a (0◦/ ± 40◦4/0◦1
2
)s layup under an axial loading. As
the ply thickness is not given in the literature, it is assumed to be 0.144 mm, based on
a similar material [3]. The result of the simulation is plotted with the experimental
data for two specimens taken from Varna et al. [66], shown in figure 6.13.
6.3.5 Failure envelopes
In the following examples the predictions are made without using the experimental
points shown on the plots. The crosses on the plots indicate experimental test results
performed on a similar specimen, but are only plotted as a guide as they are not for
the simulated specimen. The failure mode is always matrix failure unless otherwise
stated.
Figures 6.14 and 6.15 show the τyz vs. σz failure envelopes for (0◦/90◦/± 45◦)s and
(0◦/90◦)s laminates of IM7/8551-7, respectively.
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Figure 6.13: Predicted normalised modulus with increasing strain for a
(0◦/± 40◦4/0◦1
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)s HyE 9082Af/Fiberite laminate. Experimental data from
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Figure 6.14: τyz vs. σz envelope for a (0◦/90◦/± 45◦)s laminate of
IM7/8551-7
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Figure 6.15: τyz vs. σz envelope for a (0◦/90◦)s laminate of IM7/8551-7
Predictions of the biaxial failure stress (σx vs. σy) and failure strain (εx vs. εy) of
a (±45◦)s E-Glass/MY750 laminate, with ply thickness 0.25 mm, are made with a
10mm x 10mm finite element model with a 0.25mm x 0.25mm mesh. The predictions
are shown in figures 6.16 and 6.17.
6.4 Discussion
6.4.1 Stress vs. strain and crack accumulation
The examples shown in the previous section demonstrate that the complete consti-
tutive law, failure criteria and damage model is capable of accurately predicting the
response of UD composite materials.
The complete model is able to predict the crack density variation for a cross-ply
laminate, displaying a reasonable fit to the experimental data, as shown in figure
6.3b). The constitutive response is similar regardless of which type of extrapolation
(simple third-order polynomial or new constitutive model) is used, as the response
of the (0◦/90◦4)s laminate is dominated by the ratio of 0◦ to 90◦ plies. The observed
“knee” in the results is typical of this layup [73,74]. However, a significant difference
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Figure 6.16: Predicted failure stress envelope - σx vs. σy failure envelope
for a (±45◦)s laminate of E-Glass/MY750 with ply thickness 0.25 mm
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is seen between the two types of extrapolation in the prediction of the crack density
evolution, with the new model predicting a more physically sensible curve than the
polynomial extrapolation up to the saturation value.
Figure 6.4 indicates that the “knee” is not visible when the 90◦ ply block is smaller.
However, in both cases the initial failure in the laminate remains matrix failure of
the 90◦ ply and the final failure is a fibre tensile failure of the 0◦ ply, although using
a thicker block of 90◦ plies does result in matrix failure in the 0◦ before fibre tensile
failure.
The predicted crack density for quasi-isotropic E-glass/MY750 laminates closely
matches the experimental data from Tong et al. [70] using the new constitutive
model. This is shown in figure 6.5b), which again (as with figure 6.10) shows the
non-linearity produced by the model in the prediction of the constitutive response.
Figure 6.5a) indicates that the crack accumulation prediction made using a linear
constitutive model does not capture the crack accumulation as well as the plasticity-
based constitutive model. The predicted constitutive response with the new com-
plete model clearly matches the non-linear experimental curve well, as is visible in
figure 6.10.
The model for the (0◦/−45◦/+45◦/90◦)s laminate of G40-800/5260 shown in figure
6.6 shows the initial failure in the laminate is matrix failure of the 90◦ ply. This
is followed by matrix failure of the +45◦ and −45◦ plies, followed quickly by final
failure of the 0◦ ply in tension.
Kobayashi and Takeda have experimentally observed laminates of carbon/bismaleimide
G40-800/5260 with a ply thickness of 0.14mm under tension [75]. They found that
matrix cracks were not seen in ±45◦ plies of (0◦/ ± 45◦/90◦)s laminates until final
fracture, just as in the model run to produce figure 6.6. They concluded that the
matrix crack resistance of G40-800/5260 is much higher than that of epoxy based
carbon-fibre reinforced plastics. Furthermore, Kobayashi and Takeda have noted
that no significant delamination was seen before fibre failure occurred.
The stress-strain curves shown in figure 6.6 are much more linear than for those in
6.5b, even though both are quasi-isotropic laminates. An experimental stress-strain
curve for a (+45◦/0◦/− 45◦/90◦)s laminate of G40-800/5260 loading in tension has
been published by Takeda [76] and also shows a very linear stress-strain curve with
a final failure stress very close to that predicted in figure 6.6.
The stress-strain curves and crack density variation for a (+45◦/0◦/90◦/ − 45◦)s
laminate of G40-800/5260 are shown in figure 6.7. The ply thickness is 0.14 mm.
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The failure sequence predicted is the same as in figure 6.6, but as the −45◦ plies
are now outer plies and thus have lower in-situ strengths, they are predicted to fail
earlier.
The crack density at failure in the 90◦ ply is smaller in the model that produces
figure 6.7 than in the model producing figure 6.6 as it is a thin embedded ply, rather
than two adjacent thin embedded 90◦ plies. Furthermore, the crack growth rate in
the 90◦ plies is higher than the model producing figure 6.6. This phenomenon has
been observed experimentally by Kobayashi and Takeda [75], who compared quasi-
isotropic laminates of G40-800/5260 with 90◦ at the centre to laminates with −45◦
plies at the centre. Using thinner plies also results in higher matrix crack density
growth rates.
6.4.2 Stress-strain response with hydrostatic pressure
The predicted and experimental results of a ±35◦ laminate of E-glass/MY750 under
superimposed hydrostatic pressure are shown in figure 6.10. This prediction re-
quires extrapolating substantially the non-linear material data obtained using stan-
dard tests. The predicted response shows a good correlation with the experimental
data, showing the model is suitable for predicting the response of composites with
superimposed hydrostatic pressure.
6.4.3 Modelling of unloading
The constitutive model is able to satisfactorily simulate material unloading at the
current modulus, followed by reloading (figure 6.11). This simulation is often over-
looked when using several other extrapolation methods found in the literature for
the modelling of UD composites, but is included in the present model through the
use of the non-linear kinematic hardening law.
The outer and central plies fail first in the model that produces figure 6.12 as they
have lower in-situ strengths than the other plies. In the case of the outer ply this
is because shear is only transmitted from side. In the case of the central plies it is
because there are two adjacent −50◦ plies, so the ply is effectively twice as thick
and thus has lower in-situ strengths.
84
CHAPTER 6. CONSTITUTIVE MODEL APPLICATIONS
6.4.4 Predicted modulus change
The experimentally observed modulus drop is predicted in excellent agreement with
the published results [66], as demonstrated in figure 6.13. This prediction requires
the experimental curves and ply thickness to be known. As not all of the necessary
material properties were available, some properties were assumed based on a similar
material (E-glass/MY750), but the prediction made still matches the experimental
results very well.
6.4.5 Failure envelopes
In figure 6.14, a τyz vs. σz failure envelope is simulated for a (0◦/90◦/ ± 45◦)s
laminate of IM7-8551-7. Examination of the experimental set up used by DeTeresa
et al. [77,78] showed that experimentally the outer plies could not fail. Consequently,
the prediction was generated assuming no failure of the outer plies. The specimen
failure is always predicted to be by matrix failure.
Figure 6.15 displays a τyz vs. σz failure envelope for a (0◦/90◦)s laminate of IM7/8551-
7. Again, examination of the experimental set up showed that experimentally the
outer plies would not fail [77, 78] and so the prediction was generated assuming no
failure of the outer plies, with failure always being predicted to be by matrix failure.
In figures 6.14 and 6.15 for the point corresponding to only σz applied, the stress
state in each ply includes stress components other than σ3. In both simulations
the outer 0◦ ply is assumed to not fail due to the experimental set up. The stress
state then differs in each ply due to the different Poisson’s effects in the plies with
different orientations, as the quasi-isotropic (0◦/90◦/±45◦)s contains±45◦that under
the applied load will stretch the 90◦ in shear and cause earlier failure. As a result of
the differing layups considered in the models generating figures 6.14 and 6.15, the
σij (with ij 6= 33) in each ply, when under pure through the thickness compression,
are different and as a result the corresponding predicted strengths are different.
The biaxial failure stress (σx vs. σy ) and strain (εx vs. εy) envelopes, for a (±45◦)s
laminate of E-Glass/MY750 with a ply thickness of 0.25 mm shown in figures 6.16
and 6.17. Depending on the load combination, the specimen can fail by matrix
cracking, fibre splitting or fibre kinking. Under biaxial tension, the initial failure is
matrix failure, with a fracture angle of a = 0◦, followed by fibre tensile failure.
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The plasticity-based constitutive model, as opposed to a linear elastic model, results
in a higher strain to failure for the composite. Although this has no effect on the
calculation of failure envelopes in UD plies, in multidirectional laminates it can lead
to stress redistribution depending on when the behaviour of each ply within the
laminate becomes non-linear.
6.5 Comparisons between shell and solid version
of complete model
6.5.1 Applied loadings
Simulations are run in order to validate the accuracy of the shell model by comparing
it to the 3D model. The complete constitutive, failure and damage model in shell
form is tested by comparing the results obtained in single element tests to those
obtained using the 3D model. The material used for the simulations is IM7/8551-7
(see table 6.1 for material properties). The loading cases considered are longitudinal
tension, longitudinal compression, transverse tension, transverse compression and
shear. For the plasticity-based constitutive model, a transverse compression loading
to 60MPa, unloading and reloading to failure case is also simulated. The elements
are 1 x 1mm in the shell case and 1 x 1 x 1mm in the 3D case. In both the 3D
and the shell model reduced integration elements are used (C3D8R and S4R). The
boundary conditions used in each of the loading cases are shown in figure 6.1.
6.5.2 Results in comparison to 3D model
The constitutive response predictions made using the shell model and 3D model are
compared for both a linear constitutive law and the plasticity-based constitutive
model. The results using a linear law are shown in figure 6.18 and the results with
the new constitutive model presented in the preceding chapters is shown in figure
6.19.
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Figure 6.18: Comparison between predictions using the shell and the 3D
complete models with a linear constitutive law
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Figure 6.19: Comparison between predictions using the shell and the 3D
complete models with a plasticity-based constitutive law
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6.5.3 Discussion
Using a linear constitutive model, the shell model reproduces the results of the
3D model well, as shown in figure 6.18. Using the plasticity-based model, there
are some small differences (see figure 6.19), but for the simulations shown in this
section the computational time is more than halved. The discrepancies when using
the plasticity-based model arise from the 3D formulation that the model is based
on. Neglection of the through thickness components in the effective stress definition
(equation 4.2) leads to small differences in the effective stress and thus changes the
predicted constitutive response.
The shell model is considered to be a good approximation to the 3D model. It is
envisaged that the shell model can be run first in the analysis of large components
to identify the regions in which failure will occur. Smaller models of the suspect
regions can then be created and analysed using the 3D model in order to obtain an
accurate prediction of failure and damage propagation.
An investigation into the differences in predictions for an Open Hole Tension (OHT)
specimen using the linear 3D and shell models is shown in Appendix D.
6.6 Conclusions
The complete constitutive, failure and damage model has been used to predict many
different constitutive response curves, crack accumulation and failure envelopes.
Where experimental data is available, the predictions made show a good agreement
to the published results, although in some cases the experimental results are for
similar materials rather than the exact material modelled.
Furthermore, some of the material properties - such as ply thickness - required by
the complete model have been assumed as they were not available in the literature.
It is expected that with a more complete set of properties required by the model the
predictions can be further improved.
6.7 Publications
The work presented in this chapter resulted in the following publications:
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“Response and damage propagation of polymer-matrix fibre-reinforced composites:
Predictions for WWFE-III Part A”, S.T. Pinho, G.M. Vyas and P. Robinson, Com-
posites Science and Technology, submitted
“Material and structural response of polymer-matrix fibre-reinforced composites:
Part B”, S.T. Pinho, G.M. Vyas and P. Robinson, Composites Science and Technol-
ogy, submitted
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Chapter 7
Review on simulation of matrix
cracking
7.1 Overview
Matrix cracking under quasi-static loading is an important failure mode in quasi-
isotropic laminates. It is usually the first form of damage detected and can result
in a significant loss of structural stiffness and can lead to other forms of damage,
such as delamination. As a result prediction of the current damaged state of a
laminate undergoing matrix cracking is vital. Over the last three decades many
models have been proposed for the modelling of matrix cracking and its subsequent
effects. These models can be broadly categorised into four categories; shear lag,
variational mechanics based models, stress transfer and crack opening/sliding dis-
placement (COD/CSD) models. Each of these models has its own benefits and
drawbacks.
7.2 Shear lag models
The first shear lag model was formulated by Garrett and Bailey [73, 79] assuming
a symmetric cross-ply laminate of infinite width loaded in the 0◦ direction. The
displacement of the 0◦ ply is assumed to be constant through its thickness, with the
displacement of the 90◦ ply increasing linearly from the interface between the 0◦ and
90◦ plies towards the midplane. The crack spacing is assumed to be periodic. If the
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crack planes are located at x = ±L, where 2L is the spacing between two cracks (as
in figure 7.1), then the longitudinal stress in the transverse ply is given by:
σ90xx = σc
E90
E0
1− cosh βg xt90
cosh βg Lt90
 (7.1)
where σc is the applied stress, t is the thickness of the ply, E is the modulus and βg
is given by:
β2g = G90xz
( 1
E90
+ t90
t0E0
)
(7.2)
Laws and Dvorak [80] used a similar shear lag analysis, but included the longitudinal
residual stress in the 90◦ ply, σ90xxR, to obtain:
σ90xx =
(
σ90xxR + σc
E90
E0
)1− cosh βL xt90
cosh βL Lt90
 (7.3)
where βL is given by:
βL =
KLt90 (t0E0 + t90E90)
t0E0E90
(7.4)
The shear parameter, KL, is determined from experimental data and relates the
interfacial shear stress and the relative displacement, u, between the 0◦ and 90◦
plies as:
τ = KL (u90 − u0) (7.5)
The interlaminar shear lag analysis was later developed by Highsmith and Reifs-
nider [79, 81], who postulated that shear deformations in the 0◦ and 90◦ plies were
restricted to thin resin rich layers between the adjacent plies, as shown in figure 7.1.
This assumption has subsequently been used by many other authors [82].
Using this approach, the longitudinal stress in the transverse ply is given by:
σ90xx =
(
σ90xxR + σc
Q22
E0
)(
1− Q
2
12 (t0 + t90)
Q22 (Q22t0 +Q11t90)
)1− cosh γH xt90
cosh γH Lt90
 (7.6)
where Qij are terms from the reduced stiffness matrix and γH is given by:
γ2H = G
(
1
Q22
+ t90
t0Q11
)
t90
tinter
(7.7)
where G and tinter are the shear modulus and the thickness of the interface layer,
respectively.
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Figure 7.1: The interlaminar model with resin-rich regions
The longitudinal Young’s modulus of the laminate is given by:
Ex =
A11A22 − A212
A22 (t0 + t90)
(7.8)
where
A11 = Q11t0 +Q22t90
A12 = Q12 (t0 + t90)
A22 = Q22t0 +Q11t90
(7.9)
An extension has been made to the shear lag analysis by Kashtalyan and Soutis
[83, 84] to create a “2D shear lag” in which matrix cracking can be considered in
both the 0◦ and 90◦ plies. Their model is able to account for biaxial tension and
shear loading conditions and is shown in figure 7.2. The results of the analysis
indicated that the loss in stiffness of the laminate is mainly attributed to the matrix
cracks in the 90◦ ply, with the cracks in the 0◦ ply having little effect. The authors
use “equivalent constraint models”, in which one layer, for example the 90◦ ply, is
explicitly damaged and the neighbouring ply is replaced with an homogeneous layer
of reduced stiffness.
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Figure 7.2: Cross-ply laminate damaged by transverse cracking and
splitting [83]
7.3 Variational models
The variational approach was first developed by Hashin [85,86] to look at the stress
state and the stiffness reduction of cross-ply laminates after cracking has occurred
in the central 90° layer. The model includes perturbation stress functions, with the
assumption that the in-plane stress after crack formation depends on the pertur-
bation stress, which is determined using the principle of minimum complementary
energy. The stresses must satisfy the boundary conditions, continuity between plies
and equilibrium. This is a plane stress formulation that has been further devel-
oped by several other authors. Hashin’s work also looks at the degradation of shear
modulus after cracking, which is often overlooked in most analyses.
Hashin [85,86] obtains the stress field as:
σ(1)xx = −σcφ (x)
σ(1)xz = σcφ′ (x) z
σ(1)zz = σcφ′′ (x) 12 (ht1 − z2)
σ(2)xx = σc
(
t1
t2
)
φ (x)
σ(2)xz = σc
(
t1
t2
)
φ′ (x) (h− z)
σ(2)zz = σc
(
t1
t2
)
φ′′ (x) 12 (h− z)2
(7.10)
where σc is the applied stress and t1, t2 and h are defined in figure 7.3 and φ (x) is
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Figure 7.3: Laminate region between two cracks [85]
a function dependent on the crack density.
The complementary energy, Γ, is minimised by minimising
Γ = 12
ˆ
V
σ ·KσdV +
ˆ
V
σ · αtTndV −
ˆ
S1
σ.udS (7.11)
where σ is the stress tensor, K is the compliance tensor, αt is the thermal expansion
coefficient, Tn = Ts− T0, V is the sample volume and S1 is the part of the laminate
surface subjected to a displacement u.
Nairn and Hu [65,87,88] extended the work of Hashin to account for thermal stresses
and for the analysis of (S◦/90◦)s and (90◦/S◦)s laminates. Furthermore, by calcu-
lating values of the energy release rate during matrix cracking and during delami-
nation, Nairn and Hu were able to predict the saturation crack density. Varna and
Berglund used the approach to predict the transverse cracking strain in cross-ply
laminates [89]. Rebiere et al. [90–92] use variational mechanics to study cross-ply
laminates with cracking in both the 0◦ and 90◦ plies.
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The longitudinal compliance, C (ρ) is defined by Nairn et al. [87] as:
C (ρ) = 1
Ec
+ 2t1E
2
1
BE2c
(
C3 (L−D)
L
∑
χ (ρ− δ)∑ (ρ− δ) + C1DL
)
(7.12)
where Ec is the undamaged modulus of the sublaminate, B is the width, ρ is related
to the crack density and δ is a delamination length. C1 and C3 are material constants,
t1 is the ply thickness of the cracked ply and L and D are given by:
L = 2t1ρ
D = 2t1δ
(7.13)
Due to the use of the minimum complementary energy in the calculation of the per-
turbation stresses, variational models are known to produce a conservative estimate
of the damaged state of a laminate that has undergone matrix cracking.
7.4 Stress transfer models
Stress transfer models have been pioneered by McCartney [93–96], who developed an
analytical model for predicting the stress transfer in transversely cracked cross-ply
laminates under multiaxial loading. A generalised plane strain model is used, which
differs from a plane strain model as it is assumed the strain in one direction is of
a fixed value rather than zero. It is assumed the axial stress in each ply depends
solely on the axial direction and is independent of the out of plane direction. In this
approach, the governing equations are reduced to a system of recurrent relations and
a fourth-order ordinary differential equation [97]. Using this method, the thermo-
elastic constants can be calculated as a function of the transverse crack density.
McCartney begins by ensuring the 3D equilibrium are satisfied by the stress field of
both the 0◦ and 90◦ plies and the stress-strain relations with the inclusion of residual
thermal effects. Using the generalised plane strain assumption with x denoting the
0◦ ply fibre direction and z the through thickness, the displacement components are:
ui = ui (x, z) ; vi = εiy; wi = wi (x, z) i = 0, 90 (7.14)
where εi is the uniform strain in the cracked laminate in the direction parallel to
the fibre direction of the transverse ply.
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It is then considered that longitudinal stress components in both the plies are inde-
pendent of the through thickness z component and are given by:
σ0xx = C (x) + σ0, σ0 = Q011
(
εc + ν0LT
E0T
E0L
εi − α′0L4T
)
(7.15)
σ90xx = −
t0
t90
C (x) + σ90, σ90 = Q9011
(
εc + ν90LT εi − α
′90
T 4T
)
(7.16)
where εc is the average longitudinal strain applied to the laminate. EiL and EiT
represent the longitudinal and transverse moduli of each ply, respectively, and Q011
and Q9011 are terms from the reduced stiffness matrix. The coefficients α
′0
L and α
′90
T
are given by:
α
′0
L = α0L + ν0LT
E0T
E0L
α0T , α
′90
T = α90L + ν0LTα90L (7.17)
with αiL and αiT denoting the longitudinal and thermal expansion coefficients.
Using the equilibrium equations with appropriate boundary conditions the trans-
verse shear and normal stresses are obtained as:
σ0xz = C ′ (x) (t0 + t90 − z)
σ90xz = t0t90C
′ (x) z
σ0zz = 12C
′′ (x) (t0 + t90 − z)2
σ90zz = t0t90C
′′ (x) (t90 (t0 + t90)− z2)
(7.18)
Using the above equations, McCartney was able to derive expressions for u0, v0,
u90 and v90. However, in order to obtain these terms, averaged values through
the thickness of each ply are required, as otherwise it is not possible to satisfy the
stress-strain relations in the longitudinal direction.
A modified version of the stress transfer model has recently been proposed by Far-
rokhabadi et al. [97–99], in which only the damaged ply is used for the analysis
rather than the entire laminate. This approach has many modelling advantages as
it allows for the analysis of any laminate, regardless of the stacking sequence.
7.5 Crack opening/sliding models
In crack opening and sliding models, measurements of the displacement of crack
faces are made in micromechanical models to analyse the change in stiffness of
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a laminate as a crack grows. These results are then used in continuum damage
models (CDM) to simulate the degradation of material properties when a laminate
undergoes cracking. Continuum damage models are considered valuable in laminate
modelling as they use homogenised properties at the ply level, instead of modelling
the fibre and matrix individually [100, 101]. Most CDM then use a scalar damage
variable to represent the current damaged state of the material [102].
COD/CSD based models have been studied for over a decade, although early at-
tempts did not consider CSD [103,104]. In the work of Joffe et al. [104], the stiffness
using only COD for (S◦/90◦)s is defined as:
Ex
Einitx
= 11 + akmechρumecha (ac)
(7.19)
where ρ = 12ac , the sub/superscript mech indicates mechanical loading, u
mech
a (ac) is
an averaged crack opening and kmech is a coefficient of proportionality and a is a
known function dependent on the elastic properties and laminate geometry.
The stress in the 90◦ ply is:
σ90x = Q22 (εx0 − α24T ) +Q12 (εy0 − α14T ) (7.20)
where Q22 and Q12 are terms from the reduced stiffness matrix.
Lundmark and Varna [105] consider CSD to depend only on the thickness and shear
stiffness of the lamina. In their analysis an RVE of the damaged laminate (see figure
7.4) is considered.
The damaged shear modulus is given by:
Gxy
Ginitxy
= 1
1 + 2G12tcr
G12tcr+Gsxyts
ρnu1an
(7.21)
where u1an is the crack face sliding displacement, ts is the sublaminate thickness, ρn
represents the damaged state, Gsxy is the shear modulus of the sublaminate and tcr
is the thickness of the cracked ply.
If the value of u1an, measured either experimentally or using an FE model is then
to be used as an input for a CDM model, it can be fit as a power law:
u1an = A+B
(
G12
Gsxy
)n
(7.22)
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t
x
z
y
symmetry
Figure 7.4: Geometry of representative volume element (RVE) used in
derivation by Lundmark and Varna [105]
Calculating CSD according to the power law, the effective shear modulus of the
neighbouring layer has to be used if these layers have cracks. This requires the use
of an iteration. Realizing the importance of crack face sliding in stiffness reduction,
the effect of friction becomes an issue. This occurs when considering the effect of
CSD on stiffness reduction as it would reduce the displacements and, hence, result
in a lower stiffness reduction.
The works of Singh and Talreja [106–108] use synergistic damage mechanics (SDM)
for the simulation of matrix cracking. They have published studies both with and
without CSD. Synergistic damage mechanics uses continuum damage mechanics at
the representative volume element (RVE) level with tensor damage variables. A
suitable RVE has been studied by Li et al. [109]. The approach they follow does
not account for the degradation of the shear modulus, but does predict the loss
in transverse modulus well. The material constants required for their model are
calculated either from FE models or from experimental data. An overview of the
method is shown in figure 7.5.
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Computational 
Micromechanics 
Determine average (COD) and 
constraint parameters from FE 
model of RVE 
Microscale 
Synergistic Damage 
Mechanics 
Use SDM to determine stiffness 
reduction 
Mesoscale 
Structural Analysis 
Use SDM to determine stiffness 
reduction 
Macroscale 
Experimental/ 
Computational 
Evaluate damage constants using 
experimental or computational 
results 
Figure 7.5: Multiscale synergistic methodology for analysing damage
behaviour of a general symmetric laminate [107]
Singh and Talreja define their damaged laminate properties as:
E1 =
Einit1
1− νinit12 νinit21
+ 2Da′1 −
[
νinit12 E
0
2
1−νinit12 νinit21
+Da′4
]2
Einit2
1−νinit12 νinit21
+ 2Da′2
(7.23)
E2 =
Einit2
1− νinit12 νinit21
+ 2Da′2 −
[
νinit12 E
0
2
1−νinit12 νinit21
+Da′4
]2
Einit1
1−νinit12 νinit21
+ 2Da′1
(7.24)
G12 = Ginit12 + 2Da
′
3 (7.25)
where a′t represent damage constants and D represents the overall damaged state.
Varna [110] investigated the effect of ignoring the CSD in the SDM approach. He
showed that as long as the off-axis cracks are close to 90◦ the error is small. However,
as the angle decreases, as expected the error increases as the sliding displacement
becomes much more significant.
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7.6 Other approaches
Other methods either using combinations of those mentioned previously or differing
from them entirely have been used to model matrix cracking in composite laminates.
Whereas most models assume a periodic spacing between cracks to simplify the
problem, some have looked at probabilistic approaches to determine the location
of the next crack [89, 111]. Although in reality the spacing between cracks is not
periodic, the assumption of even spacing greatly simplifies any analysis that follows
and has been shown to give good approximations to the damaged state [112,113].
The simplest model for failure in laminates is the ply discount model. In the ply
discount method selected elastic ply properties are degraded at first-ply failure, ig-
noring the gradual loss in stiffness. Ply properties such as the modulus perpendicular
to the fibres and the in-plane shear modulus are reduced to zero. A new stiffness
matrix for the laminate is then calculated from classical laminated plate theory.
Using the new stiffness matrix, loading is resumed until the next ply fails. This
procedure continues until all of the plies have failed [114].
Barbero and Cortes [115] use a fracture mechanics approach to study the stiffness
degradation arising from transverse cracks only. Their approach requires no experi-
mental data to adjust the material parameters, only the moduli and critical energy
release rates. However, the solution algorithm requires a) strain steps, b) laminate
iterations and c) lamina iterations.
Mayugo [116] has developed a model for (S◦/90◦)s laminates to predict the effect
of matrix cracking on the laminate stiffness using generalised plane strain. Again,
the damage evolution can be defined without having to use experimental results
that have to be verified every time the layup is changed. The model uses classical
lamination theory and is implemented in commercial symbolic computing software.
7.7 Discussion
Early attempts for the modelling of matrix cracking were based on shear-lag theories
that over-predicted the saturation crack density and ply discount methods which
were unable to capture the gradual reduction in stiffness seen in a real laminate
undergoing cracking. These types of model have now been superseded.
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At the ply level, continuum damage models are preferred as the fibres and matrix
are not individually modelled, allowing results to be more readily obtained. Models
using variational mechanics [85, 87, 90] are more conservative, but are limited to
(S◦/90◦)s layups with either in-plane uniaxial or biaxial loading. Stress transfer
models are able to produce good predictions for the damaged state of the laminate
after matrix cracking. However, implementing a stress transfer model into a finite
element code can be difficult due to the relations between the different plies requiring
data to be passed between plies to update the damaged state.
Many models for matrix cracking in the literature require the use of an iterative
scheme in order to calculate parameters such as the current crack density. Although
this type of iteration is possible in implicit finite element codes, it is not possible in
explicit coding. Thus, if a matrix cracking model is to be developed for an explicit
coding scheme, several models in the literature that have been shown to work well
for the prediction of crack accumulation must be disregarded.
The stress transfer model has been shown to produce good predictions for the dam-
aged state of a laminate after matrix cracking, but it can be cumbersome to work
with numerically.
Although variational models are only able to consider transverse cracks, they have
the benefit of producing conservative predictions for the loss in laminate stiffness.
By rotating the coordinate system, it has been suggested that the variational models
can be used for different layups [111].
Several recent models for the prediction of the damaged state of a laminate undergo-
ing cracking use measurements of crack opening and/or crack sliding displacements.
The measurement of these displacements requires the generation of a micromechan-
ical model for each combination of stacking sequence and geometry. The measured
displacements can then be used as input to continuum damage mechanics (CDM)
models. This approach leads to accurate predictions of crack accumulation and the
resultant stiffness drop, but is of limited use in an industrial environment as every
time the laminate geometry or stacking sequence is changed a new micromechanical
model must be run. This is time consuming and computationally expensive. Fur-
thermore, the measured crack opening and/or sliding displacements are then input
into a macro-scale model which must be run separately.
According to a study by Berthelot [79], the more complex analyses methods such as
those using finite element modelling or the stress transfer approach do not exhibit a
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significant improvement over the simpler models such as those based on the varia-
tional approach. However, they do greatly increase the computational time, limiting
their usefulness in the simulation of transverse matrix cracking under monotonic
loading.
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Investigation into the limitations
of a stress transfer model
considering cracked plies
individually
8.1 Overview
The recently published (at time of writing) stress transfer model described by Far-
rokhabadi et al. [97, 99] provides a solution to the problem of a cracked ply that
includes the entire 3D stress state, rather than the 2D solutions obtained by most
other models [80, 81, 85, 87]. Furthermore, the submodelling approach used allows
for any cracked ply to be modelled from within any laminate, without having to
model the entire laminate as in the other models outlined in the previous section.
As this model is new and potentially very useful for the modelling of the damage
state of a cracked laminae and the derivation by Farrokhabadi et al. [97] has been
found by the author to contain some mathematical errors, the model is re-derived
in this chapter. Simulations are then made with the corrected model and compared
to the finite element solution in order to establish the limitations of the model.
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8.2 Model philosophy
The model assumes that when a laminate undergoes cracking, the damaged region
and its surrounding plies can be extracted. The coordinate system is then rotated
such that the ply undergoing cracking can be considered to be a 90◦ ply supported
by two sublaminae, denoted S and S ′. This procedure is shown in figure 8.1. The
cracked ply is then considered in isolation, with thin uncracked regions (still of the
same 90◦ orientation) at the top and bottom surfaces. This implies the ply is not
cracked entirely through its thickness and allows for the study of the cracked ply in
isolation. For the analysis in the following section, only half of the cracked ply in
required, as shown in figure 8.2.
8.3 Stress and displacement fields
After crack formation the single 90◦ lamina is assumed to be divided into a thick
sublamina representing the transverse cracked region sandwiched between two thin
uncracked sublaminae. Only the thin uncracked laminae can transfer the stresses to
the adjacent plies. The y-direction is perpendicular to the fibres and the z-direction
is through thickness. z = 0 is the mid-plane and the top and bottom surfaces of the
ply are located at z = ±h. The distance between two adjacent cracks is 2L.
The dimensions of the representative volume element of the lamina shown in figure
8.3 are given by |y| < L, |x| < W and |z| < h. Generalised plane strain is assumed
for the displacement field, which implies the displacement field is:
u = f (y, z) + xεcx; v = v (y, z) ; w = w (y, z) (8.1)
where εcx denotes the average axial strain for the cracked lamina, which is assumed
to be equivalent to that of the uncracked lamina.
8.3.1 Stress fields
It is assumed that after cracks have formed, two perturbation stresses appear in
the y-direction at the interface between the thick and thin sub-laminae of the 90◦
lamina, φ′ (y) and ψ′ (y). The through the thickness shear stress components of
the cracked lamina are assumed to be piecewise linear for each sub lamina and are
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Figure 8.2: Extraction of the 90◦ ply for analysis
z
y
L
z2 z1
h2
h1
Thin sub lamina (2)
Thick sub lamina (1)
Cracked surface
h
Figure 8.3: A 90◦ lamina divided into a cracked thick sub lamina and an
uncracked thin sub lamina
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independent of the x-direction due to the generalised plane strain assumption, which
allows for a fixed value - rather than zero - in one direction:
τ (1)yz = φ′ (y)
z
h1
+ τ 90yz (0 ≤ z ≤ z1) ;
τ (2)yz = −φ′ (y)
z − z2
h2
+ τ 90yz (z1 ≤ z ≤ z2) (8.2)
τ (1)xz = ψ′ (y)
z
h1
+ τ 90xz (0 ≤ z ≤ z1) ;
τ (2)xz = −ψ′ (y)
z − z2
h2
+ τ 90xz (z1 ≤ z ≤ z2) (8.3)
where the superscripts (1) and (2) denote the thick and thin sub-lamina respectively
and 90 indicates a remote stress applied on the undamaged lamina. Using equations
8.2 and 8.3 with the following equilibrium equations:
∂σx
∂x
+ ∂τxy
∂y
+ ∂τxz
∂z
+X = 0
∂σy
∂y
+ ∂τyx
∂x
+ ∂τyz
∂z
+ Y = 0
∂σz
∂z
+ ∂τzx
∂x
+ ∂τzy
∂y
+ Z = 0 (8.4)
where X, Y and Z represent body forces which are here equal to zero, the stress in
the y-direction and in-plane shear terms are derived:
σ(1)y = σ90y −
φ (y)
h1
(0 ≤ z ≤ z1) ;
σ(2)y = σ90y +
φ (y)
h2
(z1 ≤ z ≤ z2) (8.5)
τ (1)xy = τ 90xy −
ψ (y)
h1
(0 ≤ z ≤ z1) ;
τ (2)xy = τ 90xy +
ψ (y)
h2
(z1 ≤ z ≤ z2) (8.6)
The derivation of the normal through the thickness stress components assumes that
continuity of σz is enforced across the interface between the thick and thin sub-
laminae due to perfect bonding at the interface (z = z1), with the remote stress,
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σ90z , as a boundary condition, as well as satisfying the equilibrium equations:
σ(1)z =
z − z1
2h1
[− (z − z1 + 2h1)φ′′ (y)] + h22 φ
′′ (y) + σ90z (0 ≤ z ≤ z1) ;
σ(2)z =
(z − z2)2
2h2
φ′′ (y) + σ90z (z1 ≤ z ≤ z2) (8.7)
8.3.2 Displacement fields
The equations in the preceding section for stresses in the lamina are linked to the
displacements through the elastic constitutive law and strain-displacement relation-
ships. The constitutive law is:

εx
εy
εz
γyz
γzx
γxy

=

1
Ex
−νxy
Ex
−νxz
Ex
0 0 0
−νyx
Ey
1
Ey
−νyz
Ey
0 0 0
−νzx
Ez
−νzy
Ez
1
Ez
0 0 0
0 0 0 1
Gyz
0 0
0 0 0 0 1
Gzx
0
0 0 0 0 0 1
Gxy


σx
σy
σz
τyz
τzx
τxy

(8.8)
From the constitutive law, the strain in the x-direction is:
εx =
1
Ex
σx − νxy
Ex
σy − νxz
Ex
σz (8.9)
Rearranging this leads to:
σx = Exεx + νxyσy + νxzσz (8.10)
From equation 8.8, the strain εy for each region, (i), is:
ε(i)y = −
νyx
Ey
σ(i)x +
1
Ey
σ(i)y −
νyz
Ey
σ(i)z (8.11)
Substitute σx and expand:
ε(i)y = −
νyx
Ey
(
Exε
c
x + νxyσ(i)yy + νxzσ(i)z
)
+ 1
Ey
σ(i)y −
νyz
Ey
σ(i)z (8.12)
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ε(i)y =
(
1
Ey
− ν
2
xy
Ex
)
σ(i)y +
(
−νyz
Ey
− νxyνxz
Ex
)
σ(i)z − νxyεcx (8.13)
Again from the strain from equation 8.8, for the strain in the z-direction, substituting
σx and expanding:
ε(i)z = −
νzx
Ez
σ(i)x −
νzy
Ez
σ(i)y +
1
Ez
σ(i)z (8.14)
ε(i)z = −
νzx
Ez
(
Exε
c
x + νxyσ(i)y + νxyσ(i)z
)
− νzy
Ez
σ(i)y +
1
Ez
σ(i)z (8.15)
ε(i)z =
(
1
Ez
− ν
2
xz
Ex
)
σ(i)z +
(
−νyz
Ey
− νxyνxz
Ex
)
σ(i)y − νxzεcx (8.16)
Let T =
(
1
Ey
− ν2xy
Ex
)
, Q =
(
1
Ez
− ν2xz
Ex
)
, R =
(
−νyz
Ey
− νxyνxz
Ex
)
and remotely, εz =
Qσ90zz +Rσ90yy − νxzεcx
Using the relation ε(i)z = ∂wi∂z = f
(
σiz, σ
i
y, ε
c
x
)
and the stresses for each sub-lamina,
the through the thickness displacements are derived as:
w1 =
ˆ
ε(1)z dz = −
(z − z1)2
6h1
(z + 2h1)Qφ′′ (y) + (z − z1)
[
Q
2 h2φ
′′ (y)− Rφ (y)
h1
+ εz
]
+W1 (y) (0 ≤ z ≤ z1)
(8.17)
w2 =
ˆ
ε(2)z dz =
(z − z2)3
6h2
Qφ′′ (y)+(z − z2)
[
R
φ (y)
h2
+ εz
]
+W2 (y) (z1 ≤ z ≤ z2)
(8.18)
The transverse displacements are derived using the through thickness displacements
using ε(i)yz = 12
(
∂vi
∂z
+ ∂wi
∂y
)
= 12
τyz
Gyz
. In the cracked region, this leads to
∂v1
∂z
= τ
(1)
yz
Gyz
−∂w1
∂y
= φ′(y)
Gyz
z
h1
+ τ
90
yz
Gyz
+ (z−z1)
2
6h1 (z + 2h1)Qφ
′′′ (y)−(z − z1)
[
Q
2 h2φ
′′′ (y)− Rφ′(y)
h1
]
−
W ′1 (y)
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Integrating with respect to z and simplifying:
v1 =
(z − z1) (z + h1)
h1
φ′ (y)
2Gyz
+
τ 90yz (z − z1)
Gyz
+ (z − z1)
3
24h1
(z + 2h1)Qφ′′′ (y)
−12 (z − z1)
2
[
Q
2 h2φ
′′′ (y)− Rφ
′ (y)
h1
]
− (z − z1)W ′1 + V1 (y) + yεy (0 ≤ z ≤ z1)
(8.19)
Similarly for the uncracked region:
∂v2
∂z
= τ
(2)
yz
Gyz
− ∂w2
∂y
= −φ′(y)
Gyz
(z−z2)
h2
+ τ
90
yz
Gyz
− (z−z2)36h2 Qφ′′′ (y)− (z − z2)
[
Rφ
′(y)
h2
]
−W ′2 (y)
Integrating with respect to z and simplifying:
v2 =
− (z − z2)2
h2
φ′ (y)
2Gyz
+
τ 90yz (z − z2)
Gyz
− (z − z2)
4
24h2
Qφ′′′ (y)− 12 (z − z2)
2
[
R
φ′ (y)
h2
]
− (z − z2)W ′2 (y) + V2 (y) + yεy (z1 ≤ z ≤ z2)
(8.20)
The in-plane displacements in the fibre direction are derived using the relation ε(i)xz =
1
2
(
∂ui
∂z
+ ∂wi
∂x
)
= 12
τxz
Gxz
. Rearranging for the cracked region results in:
∂u1
∂z
= τ
(1)
xz
Gxz
− ∂w1
∂x
= φ′(y)
Gxz
z
h1
+ τ90xz
Gxz
Integrating and adding the displacement caused by the remote strain, εcx:
u1 =
(z − z1) (z + h1)
2Gxzh1
φ′ (y) + τ
90
xz
Gxz
(z − z1) + U1 (y) + xεcx (0 ≤ z ≤ z1) (8.21)
Similarly for the uncracked region:
∂u2
∂z
= τ
(2)
xz
Gxz
− ∂w2
∂x
= −φ′(y)
Gxz
z−z2
h2
+ τ90xz
Gxz
Integrating and adding the displacement caused by the remote strain, εcx:
u2 = −(z − z2)
2
2Gxzh2
φ′ (y) + τ
90
xz
Gxz
(z − z2) + U2 (y) + xεcx (z1 ≤ z ≤ z2) (8.22)
where Ui , Vi and Wi are the displacements at the interface z = zi and are found by
integration of the differential of ui, vi and wi with respect to z between the limits
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of the thick and thin sub-laminae as follows:
W1 (y) =
h1ˆ
0
∂w1 (y)
∂z
dz = 2h
2
1 + 3h1h2
6 Qφ
′′ (y)−Rφ (y) + h1εz (0 ≤ z ≤ z1)
(8.23)
W2 (y) =
h1+h2ˆ
h1
∂w2 (y)
∂z
dz = 2h
2
1 + 3h1h2 + h22
6 Qφ
′′ (y) + (h1 + h2) εz (z1 ≤ z ≤ z2)
(8.24)
V1 (y) =
h1ˆ
0
∂v1 (y)
∂z
dz = h1φ
′ (y)
2Gyz
+ h
3
1
12Qφ
′′′ (y) + h
2
1
2
[
h2
2 Qφ
′′′ (y)− 1
h1
Rφ′ (y)
]
+
h1τ
90
yz
Gyz
−h1W ′1 + V0 (y) (0 ≤ z ≤ z1)
(8.25)
V2 (y) =
h1+h2ˆ
h1
∂v2 (y)
∂z
dz = h
3
2
24Qφ
′′′ (y) + h22 Rφ
′ (y) +
h2τ
90
yz
Gyz
+ h2φ
′ (y)
Gyz
−h2W ′2 + V1 (y) (z1 ≤ z ≤ z2)
(8.26)
U1 (y) =
h1ˆ
0
∂u1 (y)
∂z
dz = ψ
′ (y)h1
2Gxz
+
τ 90yzh1
Gxz
+ U0 (y) (0 ≤ z ≤ z1) (8.27)
U2 (y) =
h1+h2ˆ
h1
∂u2 (y)
∂z
dz = ψ
′ (y)h2
2Gxz
+
τ 90yzh2
Gxz
+ U1 (y) (z1 ≤ z ≤ z2) (8.28)
Utilising the in-plane stress-strain relations
εyy =
(
1
Ey
− ν
2
xy
Ex
)
σyy +
(
−νyz
Ey
− νxyνxz
Ex
)
σzz − νxyεcxx (8.29)
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γxy =
∂v
∂x
+ ∂u
∂y
= τxy
Gxy
(8.30)
homogeneous differential equations for φ (y) and ψ (y) can be obtained. However,
these equations cannot be solved using the equations for stresses and displacements
which are a function of the through thickness variable, z. The number of variables
is instead reduced by using the averaged values of stresses and displacements along
each sub-lamina thickness (σ¯(i)z , σ¯(i)y , τ¯ (i)xy , u¯(i) and v¯(i)). Where the dummy variable,
θ, represents the stress or displacement, the averaged value in each sub-lamina is
calculated as:
θ¯(1) = 1
h1
h1ˆ
0
θ(1)dz (0 ≤ z ≤ z1) ; (8.31)
θ¯(2) = 1
h2
h1+h2ˆ
h1
θ(2)dz (z1 ≤ z ≤ z2) (8.32)
The averaged values for each sub-lamina are then subtracted from each other, leading
to the differential equations:
Fφ
′′′′ (y) +Gφ′′ (y) +Hφ (y) = 0
Pψ′′ (y) +Kψ (y) = 0
(8.33)
The coefficients F , G, H, P and K are material dependent and are given by:
F = 1480ExEyEzGyzQ
(
69h31 + 160h21h2 + 24h32 + 120h1h22
)
(8.34)
G = −h1h2Ez3
(((
(h1 + h2)REy + νyzh2 − 52νyzh1
)
Ex − 52
(
h1 − 25h2
)
νxzνxyEy
)
Gyz + EyEx (h1 + 2h2)
)
(8.35)
H = EzGyz (h1 + h2)
(
Ex − υ2xyEy
)
(8.36)
P = 13
(
h21h2 + h1h22
)
Gxy (8.37)
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K = −Gxz (h1 + h2) (8.38)
The following equations are the general solutions for φ (y) and ψ (y) :
φ (y) = A1e−
1
2αy + A2e
1
2αy + A3e−
1
2γy + A4e
1
2γy (8.39)
ψ (y) = B1e
√
K√
P
y +B2e−
√
K√
P
y (8.40)
where:
α =
√
−2F
(
G+
√
G2 − 4FH
)
F
γ =
√
−2F
(
G−√G2 − 4FH
)
F
The boundary conditions required to solve for the constants A1−4 and B1−2 are the
stress free conditions on cracked surfaces:
σy (±L, z) = 0 τyx (±L, z) = 0 τyz (±L, z) = 0 (8.41)
Applying these boundary conditions using the equations for σy, τyx and τyz in the
cracked region leads to the following equations which must be solved simultaneously:
−A1αe− 12αL + A2αe 12αL − A3γe− 12γL + A4γe 12γL = −4τ 90yz
−A1αe 12αL + A2αe− 12αL − A3γe 12γL + A4γe− 12γL = −4τ 90yz
A1e
− 12αL + A2e
1
2αL + A3e−
1
2γL + A4e
1
2γL = h1σ90y
A1e
1
2αL + A2e−
1
2αL + A3e
1
2γL + A4e−
1
2γL = h1σ90y
(8.42)
B1e
√
K√
P
L +B2e−
√
K√
P
L = h1τ 90xy
B1e
−
√
K√
P
L +B2e
√
K√
P
L = h1τ 90xy
(8.43)
Solving these equations gives:
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A1 = A6
((
γσ90y h1 − 4τ 90yz
)
(−γ + α)
)
e− 12γL
−A6e 12γL
((
γσ90y h1 + 4τ 90yz
)
(γ + α) e− 12αL + e 12αL
(
γσ90y h1 − 4τ 90yz
)
(α− γ)
)
A2 = A6
((
γσ90y h1 + 4τ 90yz
)
(α− γ) e− 12αL
)
e− 12γL
−A6e 12γL
((
γσ90y h1 − 4τ 90yz
)
(γ + α) e− 12αL + e 12αL
(
γσ90y h1 + 4τ 90yz
)
(α− γ)
)
A3 = A7
((
σ90y h1α− 4τ 90yz
)
(α− γ)
)
e− 12αL
+A7
((
σ90y h1α + 4τ 90yz
)
(γ + α) e− 12γL − e 12γL
(
σ90y h1α− 4τ 90yz
)
(α− γ)
)
e 12αL
A4 = A7
((
σ90y h1α + 4τ 90yz
)
(α− γ) e− 12γL
)
e− 12αL
+A7
((
σ90y h1α− 4τ 90yz
)
(γ + α) e− 12γL − e 12γL
(
σ90y h1α + 4τ 90yz
)
(α− γ)
)
e 12αL
A5 =
((
(α− γ) e− 12αL + e 12αL (γ + α)
)
e− 12γL
) ((
(α− γ) e− 12αL − e 12αL (γ + α)
)
e− 12γL
)
A6 = −
(
e−
1
2 γL−e 12 γL
)
A5
A7 =
(
e−
1
2αL−e 12αL
)
A5
(8.44)
B1 =
h1τ
90
xy
e
√
K√
P
L + e−
√
K√
P
L
B2 =
h1τ
90
xy
e
√
K√
P
L + e−
√
K√
P
L
(8.45)
8.3.3 Calculation of V0 (y)
The calculation of the displacements in the y-direction require the displacement at
the interface z = 0 to be known. This can be obtained by integrating the εy from
the constitutive law (equation 8.8) at z = 0 to obtain:
V0 (y) = Tyσy−Tφ ∗ (y)
h1
+R (h1 + h2)φ
′ (y)
2 +Ryσz−yυxyε
c
x+
Tφ ∗ (0)
h1
−R (h1 + h2)φ
′ (0)
2
(8.46)
where φ ∗ (y) = ´ φ (y) dy.
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Property Model Input
Longitudinal modulus, Ex (GPa) 128000
Transverse modulus, Ey (GPa) 7200
Through thickness modulus, Ez (GPa) 7200
Shear Modulus, Gxy (GPa) 4000
Shear Modulus, Gxz (GPa) 4000
Shear Modulus, Gyz (GPa) 2400
In-plane shear modulus, νxy 0.3
In-plane shear modulus, νxz 0.3
In-plane shear modulus, νyz 0.5
Ply thickness (mm) 0.7
Ply width (mm) 0.05
Applied stress, σy (MPa) 36
Applied stress, σx (MPa) 10
Uncracked region height (mm) 0.01008
Crack density (/mm) 1
Table 8.1: Inputs used to validate the stress transfer model against a
finite element model
8.4 Predictions using stress transfer model
The stress transfer model is validated by comparing a finite element (FE) model
of a crack (shown in figure 8.4) with an analytical solution obtained by coding the
model outlined in section 8.3 into a symbolic mathematics program (Maple 14). The
material properties used are shown in table 8.1.
The finite element model uses reduced integration eight node brick elements (C3D8R).
As the model outlined in the previous section only uses the averaged values in the
sublamina, a single element in each of these regions is required to validate the results.
The height of the uncracked region is 0.01008mm and the ply height is 0.14mm. A
load of 250MPa is applied to the uncracked regions to simulate a load of 36MPa
with the presence of a crack. A symmetry boundary condition is applied at the
opposite face to the crack, together simulating a crack density of 1/mm. Finally, a
strain of 1.5625x10−7 is applied on the side faces to simulate a load of 10MPa in the
generalised plane strain condition.
Figure 8.5 shows the predicted stress fields for a) σ¯1xx , b) σ¯1yy , c) σ¯1zz, and d) τ¯ 1yz
in the cracked region using both the stress transfer model and the finite element
model.
Similarly, figure 8.6 shows the predicted stress fields for a) σ¯2xx , b) σ¯2yy , c) σ¯2zz, and
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Symmetry 
plane
Imposed 
strain εx
Imposed 
traction σy
Figure 8.4: Finite element model used for validation of stress transfer
model
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Figure 8.5: Averaged stresses in the cracked region of the model and the
FE solution, a) σ¯1xx , b) σ¯1yy , c) σ¯1zz, and d) τ¯ 1yz
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Figure 8.6: Averaged stresses in the uncracked region of the model and
the FE solution, a) σ¯2xx , b) σ¯2yy , c) σ¯2zz, and d) τ¯ 2yz
d) τ¯ 2yz in the uncracked region using both the stress transfer model and the finite
element model.
The predicted displacement components a)v¯ , b)w¯ and c) u¯ in both cracked and
uncracked regions are compared with the FE solution in figures 8.7 and 8.8, respec-
tively.
The internal energy, U , as a function of crack density is calculated as:
U (ρ) = 12
ˆ
V
σ : εdV (8.47)
where V is the volume of the element. A comparison of the internal energy from
the finite element model with the stress transfer model is shown in figure 8.9.
The energy release rate, Gcr, is given by:
Gcr =
∂U (ρ)
∂ρ
∂ρ
∂A
= ρ
h1
Lˆ
0
h1+h2ˆ
0
−2L2∂σ : ε
∂L
dzdy (8.48)
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Figure 8.7: Averaged displacements in the cracked region of the model
and the FE solution, a) v¯1 , b) w¯1 and c) u¯1
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Figure 8.8: Averaged displacements in the uncracked region of the model
and the FE solution, a) v¯2 , b) w¯2 and c) u¯2
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Figure 8.9: Predicted internal energy by the model compared to those
obtained from a finite element model solution
where A is the area of the cracked element.
The stress transfer model is run with different values of the height of the uncracked
region, h2. The predictions for a) the internal energy and b) the energy release rate
are shown in figure 8.10.
8.5 Discussion
The model is able to qualitatively predict the averaged stress field in both the
cracked and uncracked regions of the sublamina, as seen in figures 8.5 and 8.6.
However, in some regions the difference between the prediction by the stress transfer
model and finite element solution is considerable, for example up to 100% in figure
8.6a) when the y-distance is 0.4mm. Nevertheless, the model provides an excellent
approximation for most of the stress field.
The averaged displacement field is dependent on the formulation of the displacement
in the y-direction in the centre line of the cracked ply, V0, as derived in equation
8.46. The predictions shown in figures 8.7 and 8.8 indicate an excellent correlation
for the average through thickness displacement (w) and - due to the generalised
plane strain assumption - in the x-direction (u). The averaged displacements in the
y-direction, v, are accurate everywhere in the displacement field, except very close
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Figure 8.10: Effect of changing uncracked region height (h2) on a)
Internal energy and b) Energy release rate
to the crack (where the y distance is 0.5mm), in which case the displacement is
over-predicted.
The model uses traction boundary conditions on the top and bottom surfaces of the
damaged ply. This makes many assumptions about damaged state and current com-
pliance of the adjacent plies. It is expected from the formulation of the model that
if significant damage has accumulated around the ply currently under consideration,
the model would underestimate the current stiffness of the laminate.
As indicated by 8.10a) and b), the predictions made by the new model are heavily
influenced by the height of the uncracked region. This parameter is an input to
the model and so needs to be accurately determined for the model to be used prac-
tically. Unfortunately, no experimental data was found in the literature to verify
the numerical value of this parameter. However, it is expected to depend on the
orientation and damage state of the surrounding plies.
It is easy to be critical at the use of an uncracked region in the derivation of the
model, as this region has never been discussed at length in the literature. This
author believes that if such a region does exist, as the actual dimensions would
heavily influenced by the orientation and level of damage in the surrounding plies
the height may actually change along the length of the laminate. If the plies above
and below the cracked ply are of different orientations then it would appear logical
that the height of the uncracked region on the upper and lower surfaces would
also differ. Furthermore the toughness of the matrix and its constituents are likely
to influence whether or not a crack reaches the adjacent ply or terminates with
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an uncracked region. The use of this uncracked region results in predictions that
match the finite element models well, as long as the finite element models have
the same uncracked region height. However, this may not be representative of the
experimental reality and therefore the predictions made using this model have little
credibility in the author’s eyes.
8.6 Conclusions
A stress transfer model is presented that is able to predict the damaged state of a
single ply of any orientation within a laminate by rotating the coordinate system
so that the problem is reduced to that of a (S/90/S ′). The model reproduces the
stresses and strains well when compared to the finite element solution, but the
predictions are dependent on the height of the uncracked region. This height must
be determined either experimentally or analytically for the model to be useful.
8.7 Publications
The work presented in this chapter contributed towards the following publication:
“Failure prediction and damage modelling of laminates at the ply level”, G.M. Vyas
and S.T. Pinho, 18th International Conference on Composite Materials (ICCM18),
2011
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Chapter 9
Variational crack modelling
9.1 Saturation crack density calculation
9.1.1 Overview
The saturation crack density is an important parameter for the modelling of unidi-
rectional composites as it can be used to determine when delamination will occur [9].
Several models exist in the literature to model matrix cracking, however, none are
entirely suitable for determining the saturation crack density of any ply of any ori-
entation within a laminate.
The shear lag model (discussed in the following section) is the simplest model, but
has comparatively limited predictive capability. Many models for cracking of lami-
nates are based on the work of Hashin [85]. Examples include the models proposed
by Joffe et al. [104] and Rebiere et al. [91], which do not explicitly calculate a sat-
uration crack density value. The work of Nairn et al. closely matches experimental
values, but is only directly applicable to 90◦ plies [87].
Following the work of Nairn et al., further attempts have been made to model
cracking in non-90◦ plies by Li et al. [117]. Unfortunately, by the admission of Li et
al. the equation formulated for calculation of saturation crack density is inconvenient
and difficult to apply.
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Table 9.1: Comparison of predictions from a shear lag saturation crack
density model [9] with experimental data for saturation crack density in
90° plies
Material Ply Thickness Lay-up SisL Y
is
T Crack density (/mm)
(mm) (MPa) (MPa) Experimental [Ref.] Shear Lag (±%)
Glass/epoxy 0.144
(
0◦2/90◦4
)
s
90 68 0.65 [104] 0.93 (+43.1)
GRP 0.5 (0◦/90◦/+ 45◦/− 45◦)s 90 77 0.93 [70] 1.89 (+98.9)
G40-800/5260 0.14 (0◦/+ 45◦/− 45◦/90◦)s 91 89 1.70 [75] 3.61 (+112.4)
G40-800/5260 0.14 (+45◦/0◦/90◦/− 45◦)s 91 89 2.50 [75] 6.36 (+154.4)
GRP 0.5 (0◦/90◦)s 90 68 0.70 [70] 1.07 (+52.9)
Glass/epoxy 0.144
(
0◦/90◦8/0◦1
2
)
s
90 68 0.95 [66] 0.93 (-2.1)
G40-800/5260 0.14 (0◦/90◦)s 91 89 2.10 [118] 3.49 (+66.2)
G40-800/5260 0.14
(
0◦/90◦2
)
s
80 65 0.90 [118] 2.19 (+143.3)
9.1.2 Application of a shear lag based model
Applying the existing shear lag based saturation crack model discussed in section
5.5.1.3 to a variety of experimental test cases found in the literature for 90◦ plies
embedded in laminates produces the results shown in table 9.1. Although some
of the predictions are reasonable, especially for thicker plies, the predictions are
consistently found to be greater than those measured experimentally and in some
cases are more than twice as much. Only one of the predictions for the test cases
considered produced a conservative estimate. An alternative method is sought that
produces predictions that are closer to the experimental results.
9.1.3 A variational model for the calculation of the satura-
tion crack density
The saturation crack density of (θ◦/90◦)s or (90◦/θ◦)s laminates can be calculated
using the variational model presented by Nairn et al. [65,87], following the method
originally outlined by Hashin [85] for 90◦ plies loaded in tension. This method has
been shown by the authors to closely match experimental data and so is considered
suitable for this work. The ratio between the spacing of the cracks, ρ, and the half
thickness of the ply, t1 is given by:
ρ = ac
t1
(9.1)
126
CHAPTER 9. VARIATIONAL CRACK MODELLING
t1
t2
ac ac
2
1
y
z
Figure 9.1: Notation used in the variational model
where ac is defined in figure 9.1. The value of this ratio in the largest crack interval
is ρk. The crack density,
(
1
2ρkt1
)
is dependent on t1 and ρk.
The saturation crack density is calculated by using the energy release rate for the
initiation of a delamination with the energy release rate for the formation of a
microcrack, as shown in figure 9.2. The delamination energy release rates for a
delamination across the width of a specimen, GD, and the the energy release rate
for the formation of a microcrack, Gm, are given by [87]:
GD = C3t1
(
E(1)x
Ec
σn − ∆αtTn
C1
)2
χ′ (0)− χ′ (ρk)
2 (9.2)
and
Gm = C3t1
(
E(1)x
Ec
σn − ∆αtTn
C1
)2 (
2χ
(1
2ρk
)
− χ (ρk)
)
(9.3)
respectively, where ∆αt is the difference between the x-direction thermal expansion
coefficients between the plies, Tn is the difference between the temperature of the
sample and the residual stress free temperature, C1 and C3 are constants defined
below, and χ′ (ρ) and χ (ρ) are functions of the spacing between cracks. Additionally,
Ec is the x-direction modulus of the undamaged laminate and σn is the stress applied
to the laminate in the x-direction. Physically, χ (ρ) is proportional to the excess
strain energy caused by two microcracks spaced by ρ.
It is assumed that delamination occurs when a critical value of the energy release
rate for delamination is reached and similarly, that microcracking occurs when a
critical microcracking energy release rate is attained. Furthermore, it is assumed by
Nairn et al. [87] that these two critical values are the same. Equating the energies
127
CHAPTER 9. VARIATIONAL CRACK MODELLING
for cracking and delamination leads to the equation:
χ′ (0)− χ′ (ρk)
2 = 2χ
(1
2ρk
)
− χ (ρk) (9.4)
To evaluate χ′ (ρ) and χ (ρ), the following constants must be calculated:
C1 =
1
E
(1)
y
+ 1
λnE
(2)
y
(9.5)
C2 = −λnυ
(1)
xz
3E(1)y
+ υ
(2)
xz
E
(2)
y
(
1 + 2λn3
)
(9.6)
C3 =
1
20E(1)z
+ λn
60E(2)z
(
8λ2n + 20λn + 15
)
(9.7)
C4 =
1
3G(1)yz
+ λn
3G(2)yz
(9.8)
where λn = t2t1 and E and G refer to the Young’s and shear moduli respectively
and superscripts (1) and (2) refer to the ply positions indicated in figure 9.1. The
constants pn and qn are defined as:
pn =
C2 − C4
C3
(9.9)
qn =
C1
C3
(9.10)
In the case 4qn
p2n
> 1, the following equations are used for the calculation of χ (ρ) and
χ′ (ρ):
χ (ρ) = 2αnβn
(
α2n + β2n
) cosh 2αnρ− cos 2βnρ
βn sinh 2αnρ+ αn sin 2βnρ
(9.11)
χ′ (ρ) = 4αnβn
(
α2n + β2n
) sinh 2αnρ sin 2βnρ
(βn sinh 2αnρ+ αn sin 2βnρ)2
(9.12)
where αn = 12
√
2√qn − pn and βn = 12
√
2√qn + pn.
However, for the case where 4qn
p2n
< 1, the calculation is:
χ (ρ) = αnβn
(
β2n − α2n
) tanh βnρ tanhαnρ
βn tanh βnρ− αn tanhαnρ (9.13)
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χ′ (ρ) = α2nβ2n
(
β2n − α2n
) tanh2 βnρcosh2 αnρ − tanh2 αnρcosh2 βnρ
(βn tanh βnρ− αn tanhαnρ)2
(9.14)
where αn =
√
−pn
2 +
√
p2n
4 − qn and βn =
√
−pn
2 −
√
p2n
4 − qn.
It can be shown that χ′ (0) can be obtained directly as [65]:
χ′ (0) = C1
C3
(9.15)
Figure 9.2 shows an example of the variation of the energy release rates for delam-
ination and matrix cracking with increasing crack density using the Nairn et al.
model [87]. The material properties used are those for the (0◦/90◦)s GRP laminate
shown in table 9.2, assuming an applied stress of σn =300 MPa and that the mate-
rial is tested at the residual stress free temperature, so Tn = 0◦C. Using this model,
a rise in the matrix cracking energy release rate is seen (shown in figure 9.2), which
is considered peculiar and warrants further investigation.
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Figure 9.2: Variation of energy release rates with crack density for a
(0◦/90◦)s GRP laminate
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9.1.4 Proposed extension of applicability to Nairn’s varia-
tional model
As the current variational model is only applicable to (θ◦/90◦)s or (90◦/θ◦)s lami-
nates it is of limited use for modelling realistic layups in use today. The variational
model uses the moduli and thicknesses of the plies in the laminate to predict the
saturation crack density, so it is proposed that rotation of the constitutive tensor
can be used to apply the model to other layups.
For the calculation of the crack density in the central ply of a θ◦A/90◦/θ◦B, rotation of
the constitutive tensor can be used to calculate the stiffness of the θ◦A and θ◦B layers.
For the case θ◦A 6= θ◦B, the effect of considering the higher, the average and the lower
value of the moduli of θ◦A and θ◦B is investigated for relevant layups. A comprehensive
set of results is presented in table 9.2. In cases where the crack density is required
in the 90◦ ply of a laminate in which the 90◦ is not central, the same approach is
used, as it is assumed that only the adjacent plies are required for the calculation.
It can be concluded that the variational model can be applied in a context other
than that indicated by Nairn et al. [65, 87]. Using the lower stiffness for cases in
which θ◦A 6= θ◦B generally results in the most conservative estimates, although there
is little difference in the calculated values.
For the calculation of the saturation crack density of 45◦ plies embedded in laminates
it is assumed that the rotation of the stress tensor can again be used and the
same method as for θ◦A/90◦/θ◦B layups is still applicable. Although this analysis
neglects the shear component of the force applied to the ply (see figure 9.3), this is
considered to be reasonable for modelling of balanced quasi-isotropic laminates as
this component will be small. The estimated values for 45◦ plies shown in table 9.2
seem reasonable, but experimental data for comparison is scarce as quasi-isotropic
laminates are generally considered to have failed before the saturation crack density
in the 45◦ has been reached. As in shear lag theory, for the prediction of crack
densities in outer plies the value is assumed to be half that of an embedded ply as
the load is only transmitted from one side.
9.1.5 Comparison of methods
The saturation crack density calculation determines when delamination is predicted
by the Pinho et al. damage model [9]. The shear lag model provides a very simplified
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Rotate to 90°
Figure 9.3: Rotation of plies to 90◦
approach to the calculation of the saturation value. If the value is too high the
delamination predictions are not accurate as the model assumes that the material
is still cracking, so the energy is not available for delamination. Ideally an equation
is required that would accurately predict the saturation value of the crack density
for a given laminate. The shear lag model is known to over-predict saturation crack
density values. However, in design conservative estimates are generally preferred.
The proposed extension to variational model of Nairn et al. [65] is found to more
closely match the experimentally observed saturation crack density values found in
the literature [66,69,75,104,118] than the shear lag model, as shown in figure 9.4 and
table 9.2. In some cases, it also provides conservative estimates for the saturation
crack density, which the shear lag model does not.
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9.2 Implementation of a variational model for the
calculation of matrix cracking
Using the variational model of Nairn and Hu [87] described in the previous sec-
tion, along with the original variational solution for cross-ply laminates proposed by
Hashin [85, 86], a variational model is implemented to model the stiffness degrada-
tion of composite laminates undergoing matrix cracking. This model is combined
with the existing failure criteria described in chapter 5 with a linear constitutive
law.
Predictions of crack density evolution with applied stress using the model by Nairn
et al. are shown in figure 9.5, indicating a good agreement with experimental data.
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9.2.1 Evaluation of the loss in stiffness of laminates under-
going matrix cracking
As in the previous chapters, it is proposed that a sublaminate containing a central
cracked ply can be extracted from a laminate and the local coordinate system can be
rotated to 90◦. Following the work of Hashin [85, 86], the damaged shear modulus,
Gxy (ρ), of the laminate is then given by:
Gxy (ρ) =
Gxy
1 +
tanh
µhac
h1
µhac
h1
(9.16)
where λn = t2t1 , ac is half the crack spacing (defined in figure 9.1) and
µh =
√√√√ 3 + 3λn
1 + λnG12G23
(9.17)
From equation 7.12, the longitudinal modulus, Ey (ρ) is in the absence of delamina-
tion as:
1
Ey (ρ)
= 1
Ec
+
2h1E2y
BE2c
(
C3
∑
χ (ρ)∑ (ρ)
)
(9.18)
9.2.2 Current crack density
The current value of the crack density for an applied strain is calculated by increasing
the value of the ’current strain’ - and subsequently the crack density - from zero
until the strain is the same as the applied strain on the ply undergoing cracking.
Using equations 9.18 and 9.3, the current strain is given by:
εcur =
Ec
Ey (ρ)2
∆αtTn
C1
+
√√√√ Gmc
C3t1
(
2χ
(
1
2ρk
)
− χ (ρk)
) (9.19)
Gmc is calculated as:
Gmc = C3t1
(
Einity
Ec
σi − ∆αtTn
C1
)2 (
2χ
(1
2ρi
)
− χ (ρi)
)
(9.20)
where Einity is the modulus of the uncracked ply, σi is the value of the transverse
stress when the matrix failure index (equation 5.9) reaches unity and ρi is calculated
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for a crack density close to zero. Using this method the onset of cracking is captured
directly by the matrix failure criterion.
9.2.3 Stress and strain after crack saturation
The saturation crack density is calculated using the method outlined in section
9.1.3. It is assumed that the material will linearly unload after the saturation crack
density has been reached. In order to model this unloading, the strain at which crack
saturation is reached is required. This can be calculated by knowing the stress at
crack saturation, which is found by rearranging equation 9.3, to obtain:
σsat =
Ec
Ey (ρsat)
∆αtTn
C1
+
√√√√ Gmc
C3t1
(
2χ
(
1
2ρsat
)
− χ (ρsat)
) (9.21)
The current stress in the loading direction is found by using the current values of ρ
in equation 9.21 instead of the values at saturation. Dividing the stress at saturation
by the modulus at saturation, found by inserting ρsat into equation 9.18, leads to
the strain at the saturation crack density, εd.
It is assumed that delamination occurs after the saturation crack density has been
reached. Following the work of Pinho et al. [9], the strain at complete delamination,
εf is calculated assuming the energy dissipated by delamination should be the area
of delamination multiplied by the mode II interlaminar critical energy release rate,
GIIc, leading to:
εf = 2GIIc
σsatt
(9.22)
where t is the thickness of the element.
Loading beyond the strain at crack saturation, the stress is calculated following a
linear unloading as:
σcur =
−σsatε
εf − εd +
εfσsat
εf − εd (9.23)
9.2.4 Calculation of the damaged compliance matrix
Knowing the loss in stiffness in the transverse direction, it is possible to calculate
a damaged compliance matrix for the in-plane properties. Following the work of
McCartney [94,95], the stress-strain relations for cracked lamina are:
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εclx =
σx
Ex (%)
− νyx (%)
Ey (%)
σy − νzx (%)
Ez (%)
σz + αx (%) ∆T
εcly = −
νxy (%)
Ex (%)
σx +
σy
Ey (%)
− νzy (%)
Ez (%)
σz + αy (%) ∆T
εclz = −
νxz (%)
Ex (%)
σx − νyz (%)
Ey (%)
σy +
σz
Ez (%)
+ αz (%) ∆T
γclxy =
τxy
Exy (%)
(9.24)
where α is a thermal expansion coefficient and ∆T is the change in temperature. In
the above equation all properties that are a function of the damage parameter, %, are
unknown. The stress-strain relations and ply crack closure for constrained uniaxial
loading in axial, transverse and through-the-thickness directions, along with three
independent constants are used to derive the damaged properties of the lamina.
Ply crack closure conditions for the whole lamina (inclusive of the thick and thin
sublamina) are independently derived in three different directions.
A uniaxial loading is considered such that σx = σz = τxy = 0. By setting εx = εclx ,
εy = εcly , εz = εclz and σy = σcly and using the constitutive law for a damaged lamina:
εclx = −
νyx (%)
Ey (%)
σcly + αx (%) ∆T
εcly =
σcly
Ey (%)
+ αy (%) ∆T
εclz = −
νyz (%)
Ey (%)
σcly + αz (%) ∆T (9.25)
For an undamaged lamina:
εclx = −
νyx
Ey
σcly + αx∆T
εcly =
σcly
Ey
+ αy∆T
εclz = −
νyz
Ey
σcly + αz∆T (9.26)
As the strains are equivalent in equations 9.25 and 9.26, the following relation is
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obtained:
σcly = −
αz (%)− αz
νyz
Ey
− νyz(%)
Ey(%)
∆T = −αy (%)− αy1
Ey(%) − 1Ey
∆T = −αx (%)− αx
νyx
Ey
− νyx(%)
Ey(%)
∆T (9.27)
The above equation can also be written as:
αz (%)− αz
νyz
Ey
− νyz(%)
Ey(%)
= αy (%)− αy1
Ey(%) − 1Ey
= αx (%)− αx
νyx
Ey
− νyx(%)
Ey(%)
= k1 (9.28)
where k1 =
−σ0y
4T and k1 is a lamina constant that depends on ρ.
If instead the loading is considered only in the x-direction, so σy = σz = τxy = 0 and
by assuming εx = εclx , εy = εcly , εz = εclz and σx = σclx , then in the damaged state:
εclx =
σclx
Ex (%)
+ αx (%) ∆T
εcly = −
νxy (%)
Ex (%)
σclx + αy (%) ∆T
εclz = −
νxz (%)
Ex (%)
σclx + αz (%) ∆T (9.29)
and in the undamaged state:
εclx =
σclx
Ex
+ αx∆T
εcly = −
νxy
Ex
σclx + αy∆T
εclz = −
νxz
Ex
σclx + αz∆T (9.30)
Using the equivalent strains in equations 9.29 and 9.30:
σclx = −
αz (%)− αz
νxz
Ex
− νxz(%)
Ex(%)
∆T = −αy (%)− αy
νyx
Ey
− νyx(%)
Ey(%)
∆T = −αx (%)− αx1
Ex(%) − 1Ex
∆T (9.31)
This can also be written as:
αz (%)− αz
νxz
Ex
− νxz(%)
Ex(%)
= αy (%)− αy
νyx
Ey
− νyx(%)
Ey(%)
= αx (%)− αx1
Ex(%) − 1Ex
= k2 (9.32)
where k2 = −σ
0
x
4T .
Assuming uniaxial loading in the through-the-thickness, σx = σy = τxy = 0 and
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constraining εx = εclx , εy = εcly , εz = εclz and σz = σclz leads to the damaged state:
εclx = −
νzx (%)
Ez (%)
σclz + αx (%) ∆T
εcly = −
νzy (%)
Ez (%)
σclz + αy (%) ∆T
εclz =
σclz
Ez (%)
+ αz (%) ∆T (9.33)
and the undamaged state:
εclx = −
νzx
Ez
σclz + αx∆T
εcly = −
νzy
Ez
σclz + αy∆T
εclz =
σclz
Ez
+ αz∆T (9.34)
As the strains are equivalent in equations 9.33 and 9.34, the following can be easily
obtained:
σclz = −
αz (%)− αz
1
Ez(%) − 1Ez
∆T = −αy (%)− αy
νyz
Ey
− νyz(%)
Ey(%)
∆T = −αx (%)− αx
νxz
Ex
− νxz(%)
Ex(%)
∆T (9.35)
and with k3 = −σ
0
z
4T :
αz (%)− αz
1
Ez(%) − 1Ez
= αy (%)− αy
νyz
Ey
− νyz(%)
Ey(%)
= αx (%)− αx
νxz
Ex
− νxz(%)
Ex(%)
= k3 (9.36)
k and k′ are defined as ratios of k1, k2 and k3:
k = k1
k2
=
σ0y
σ0x
= Eyαy 4 T
Exαx4 T =
Eyαy
Exαx
(9.37)
k′ = k1
k3
=
σ0y
σ0z
= Eyαy 4 T
Ezαz 4 T =
Eyαy
Ezαz
(9.38)
Furthermore, k and k′ can be written in a form independent of the thermal expansion
coefficients:
νxz
Ex
− νxz(%)
Ex(%)
νyz
Ey
− νyz(%)
Ey(%)
=
νyx
Ey
− νyx(%)
Ey(%)
1
Ey(%) − 1Ey
=
1
Ex(%) − 1Ex
νyx
Ey
− νyx(%)
Ey(%)
= k (9.39)
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1
Ez(%) − 1Ez
νyz
Ey
− νyz(%)
Ey(%)
=
νyz
Ey
− νyz(%)
Ey(%)
1
Ey(%) − 1Ey
=
νxz
Ex
− νxz(%)
Ex(%)
νyx
Ey
− νyx(%)
Ey(%)
= k′ (9.40)
Equations 9.39 and 9.40 do not allow for the solution of all of the unknowns. A
further equation is needed, so a ’macroscopic damage parameter’ (taken from con-
tinuum damage mechanics) is defined:
D (ρ) = Ey
Ey (%)
− 1 (9.41)
where the stiffness ratio is calculated using equation 9.18.
Substitution of equation 9.41 into equations 9.39 and 9.40 leads to:
νyx
Ey
− νyx (%)
Ey (%)
= kD (%)
Ey
1
Ex (%)
− 1
Ex
= k2D (%)
Ey
νyz
Ey
− νyz (%)
Ey (%)
= k′D (%)
Ey
1
Ez (%)
− 1
Ez
= k′2D (%)
Ey
νxz
Ex
− νxz (%)
Ex (%)
= kk′D (%)
Ey
(9.42)
The shear modulus of the damaged lamina is defined as follows:
Gxy (%) =
γxy
γcxy
Gxy (9.43)
and another scalar damage parameter can be defined as, where stiffness ratio is
calculated using equation :
D′ (%) = Gxy
Gxy (%)
− 1 (9.44)
The effective elastic constants of the damaged lamina can now be calculated in terms
of the parameters D (%), D′ (%), k and k′ and used to characterise the multiaxial
behaviour of the homogenised damaged lamina.
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The continuum damage mechanics approach can be used to explain how damage
formation in a composite lamina can be applied at the macroscopic scale. Consid-
ering the normal directions and the in-plane shear, the compliance matrix is given
by:
Cmat =

1
Ex(%)
−υxy(%)
Ex(%)
−υxz(%)
Ex(%) 0
−υxy(%)
Ex(%)
1
Ey(%)
−υyx(%)
Ey(%) 0
−υxz(%)
Ex(%)
−υyx(%)
Ey(%)
1
Ez(%) 0
0 0 0 1
Gxy(%)
 (9.45)
Substitution of the elastic constants of the damaged lamina from equations 9.41 to
9.44 into equation 9.45 results in:

ε0xx
ε0yy
ε0zz
ε0xy
 =

1
Ex
+ k2D(%)
Ey
kD(%)
Ey
− υyx
Ey
kk′D(%)
Ey
− υzx
Ez
0
kD(%)
Ey
− υyx
Ey
D(%)+1
Ey
k′D(%)
Ey
− υyz
Ey
0
kk′D(%)
Ey
− υzx
Ez
k′D(%)
Ey
− υyz
Ey
1
Ez
+ k′2D(%)
Ey
0
0 0 0 D′(%)+1
Gxy


σ0xx
σ0yy
σ0zz
σ0xy
 (9.46)
Rearranging equation 9.42 for the unknown damaged elastic constants leads to the
following equations:
νyx (%) =
[
νyx
Ey
− kD (%)
Ey
]
Ey (%)
Ex (%) =
1
k2D(%)
Ey
+ 1
Ex
νyz (%) =
[
νyz
Ey
− k′D (%)
Ey
]
Ey (%)
Ez (%) =
1
k′2D(%)
Ey
+ 1
Ez
νxz (%) =
[
νxz
Ex
− kk′D (%)
Ey
]
Ex (%) (9.47)
9.2.5 Coding algorithms for variational model
The variational model has been combined with the existing constitutive, failure
and damage model discussed in chapter 5. The algorithm for the complete explicit
subroutine is shown in figure 9.6.
Figure 9.7 shows the algorithm for the variational matrix cracking model.
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9.2.5.1 Calculation of the current crack density
The current crack density is calculated using the method outlined in section 9.2.2.
The algorithm is shown in figure 9.8.
Call Subroutine to 
calculate crack 
density
Calculate ρ
Return updated 
crack density
εcurrent<εapplied
Current> saturation 
density
No
Yes
Yes
No
Calculate χ
Calculate 
modulus and 
current strain
Crack density = 
saturation crack 
density
Crack density = 
current crack 
density
Increase crack 
density
Figure 9.8: Algorithm for crack density calculation subroutine
9.2.6 Predictions using variational model
9.2.6.1 Change in modulus
The predicted change in normalised modulus of a (0◦2/90◦4)s cross-ply laminate of
Glass/Epoxy is shown in figure 9.9. The experimental data is taken from Varna et
144
CHAPTER 9. VARIATIONAL CRACK MODELLING
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
N
o
rm
al
is
ed
 M
o
d
u
lu
s
Crack Density (/mm)
Predicted
Experimental Data 
(Varna et al. 2001)
Glass/Epoxy
(02/904)s
Figure 9.9: Predicted change in modulus drop for a Glass/Epoxy
laminate compared with experimental data from Varna et al. [103]
al. [103], with ply thickness 0.2mm. All predictions in this section are plotted up to
the predicted saturation crack density.
A similar prediction for the modulus change of (0◦/90◦)s, (0◦2/90◦2)s, (0◦/90◦2)s and
(0◦2/90◦3)s laminates of AS4/3502 are shown in figure 9.10, with experimental data
from Lee and Hong [82]. The ply thickness is 0.127mm.
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Figure 9.10: Predicted change in modulus drop for a AS4/3502 laminate
compared with experimental data from Lee and Hong [82]
The modulus change of (0◦/90◦5/0◦) and (0◦/90◦10/0◦) laminates of P3051-F05 graphite/epoxy
with ply thickness 0.203mm are shown in figure 9.11, with experimental data from
Lee and Hong [82].
146
CHAPTER 9. VARIATIONAL CRACK MODELLING
0.8
0.85
0.9
0.95
1
1.05
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
N
o
rm
al
is
ed
 M
o
d
u
lu
s
Crack Density (/mm)
P3051-F05
(0/9010/0)
(0/905/0)
Experimental (Lee and Hong 1992)
Predicted
Figure 9.11: Predicted change in modulus drop for a P3051-F05 laminate
compared with experimental data
9.2.6.2 Crack accumulation
The following simulations use the same test cases as used in section 6.3.1, using the
variational model instead of the plasticity-based constitutive model. Figure 9.12
shows the predicted crack accumulation and stress vs. strain curves for a (0◦/90◦4)s
laminate of E-glass/MY750. In figure 9.13 this prediction is compared with the
plasticity-based constitutive model prediction. The variational model was found to
run 32% faster than the prediction using the plasticity-based model.
Figure 9.14 compares predictions made using the variational model and the plasticity-
based constitutive model for the total crack accumulation of (0◦/90◦/−45◦/+ 45◦)s
laminate of E-glass/MY750. In making this prediction the variational model runs
26% faster.
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Figure 9.12: Predicted stress vs. strain response and crack density
variation for a (0◦/90◦4)s laminate of E-glass/MY750 with variational model
combined with failure model. Experimental crack density results are taken
from Joffe and Varna [69]
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Figure 9.13: Predicted crack density accumulation for a (0◦/90◦4)s
laminate of E-glass/MY750 with variational model combined with failure
model and new constitutive model. Experimental crack density results are
taken from Joffe and Varna [69]
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Figure 9.14: Predicted crack density accumulation for a
(0◦/90◦/− 45◦/+ 45◦)s laminate of E-glass/MY750 with variational model
combined with failure model and new constitutive model. Experimental
crack density results are taken from Tong et al. [70]
9.3 Discussion
9.3.1 Change in modulus
Figures 9.9 to 9.11 indicate that using the variational model for the prediction of
modulus change does produce conservative predictions within reasonable accuracy
as expected. The maximum difference between the predicted modulus value and
the experimental data was found to be 5.5% in the case of a (0◦/90◦2)s laminate
of AS4/3502. All of the configurations tested are cross-plies of varying thickness
and material. Unfortunately, no experimental data for the stiffness drop of quasi-
isotropic laminates was found in the literature for comparison. The stiffness curves
are plotted up to the predicted crack density, which is found to be conservative for
two of the three materials considered.
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9.3.2 Crack accumulation
The prediction of the constitutive response for a (0◦/90◦4)s laminate of E-glass/MY750
using the variational matrix cracking model is almost identical to the prediction
made is section 6.3.1. This is due to the layup producing a clear response with the
observed “knee” in the results.
The predictions of crack accumulation differ significantly between the variational
model and the plasticity-based constitutive model. As the implemented variational
model still uses the same failure initiation criterion as the complete constitutive,
failure and damage model failure onset is still predicted to be at the same strain (as
shown in figures 9.13 and 9.14). However, the predictions made using the plasticity-
based model show the cracks accumulate much more quickly than the variational
model and as such is more conservative for the prediction of crack accumulation.
The variational model is found to be up to 32% faster than the plasticity-based
model. This time saving can be significant for modelling of more complex speci-
men geometries and when using a greater number of elements. Furthermore, the
variational model requires fewer inputs than the plasticity-based model as it as-
sumes a linear input. As a result it does not require the non-linear curves from two
different loading regimes and the evolution of the material behaviour with hydro-
static pressure, so the inputs that are needed are much easier to identify and fewer
experimental tests have to be performed in order to characterise the material.
9.4 Conclusions
It has been demonstrated that using variational methods to determine the non-
dimensional energy release rates produces estimates of the saturation crack density
that more closely match the observed experimental values than approximations made
using the shear lag model. Furthermore, it is possible to rotate the local coordinate
system to 90◦ if the ply undergoing cracking is of a different orientation. As a result
of this conclusion, future estimates of saturation crack density should be made using
the variational approach outlined in this chapter.
The variational model is able to make conservative predictions within reasonable ac-
curacy for the stiffness drop for the validation cases considered. However, although
it runs considerably faster and requires fewer inputs than the plasticity-based con-
stitutive model, it does predict crack accumulation at higher strains.
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9.5 Publications
The work presented in this chapter contributed towards the following publication:
“Failure prediction and damage modelling of laminates at the ply level”, G.M. Vyas
and S.T. Pinho, 18th International Conference on Composite Materials (ICCM18),
2011
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Conclusions
A plasticity-based constitutive model for unidirectional composite materials has
been developed with the aim of improving the prediction of the constitutive re-
sponse of unidirectional composite materials. This new model is able to capture
several features of the constitutive response that have previously been neglected.
The yield criterion chosen is both hydrostatically sensitive to predict the increase
in yield with pressure and accounts for the increased stiffness in the fibre direc-
tion. It is able to produce a similar shape to the hyperbolic Drucker-Prager and
the Raghava criteria described previously, whilst remaining relatively simple and
allowing for linear material response in the fibre direction.
The new constitutive model includes the effects of hydrostatic pressure in the elas-
tic and non-elastic region and matches the experimental stress-strain curves well
using non-linear kinematic hardening. Currently, the hydrostatic sensitivity of the
material in plastic flow is set to zero as any other value predicts a volume change.
It is not yet known how significant this effect is for composites. Furthermore, the
model is able to predict the response under multiaxial loading and matches the ex-
perimental stress-strain curves well using non-linear kinematic hardening up to the
experimental failure point, using the exponential evolution for γ. A linear evolution
has also been proposed, however, the difference using the linear evolution is small.
The new model for the constitutive response has been combined with a suitable set
of failure criteria and damage model. The result is that a complete model for the
simulation of composite materials under quasi-static loading has been created. The
complete model was coded as a material subroutine in a commercial finite element
code (Abaqus/Explicit VUMAT). Using the new complete model, predictions of con-
stitutive response curves, crack accumulation and failure envelopes were made that
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closely reproduce the observed experimental behaviour of unidirectional composites
with varying layups and ply thicknesses.
A shell version of the complete model has also been coded using an explicit scheme.
As expected, the predictions made using the complete shell model are less accurate
than those produced using the 3D model. This is due to the assumption of plane
stress that results in the shell model being unable to capture stress gradients at
free edges well compared to the 3D model. Additionally, the shell model does not
account for delamination, which can significantly alter the stress distributions ex-
perimentally. The 3D model should always be used where an accurate analysis is
required, but in large simulations where the computational time is important the
shell model can be utilised in order to establish where failure will occur. The identi-
fied vulnerable region should then be modelled in greater detail using the 3D model
in order to obtain an accurate estimation of failure.
A recent model in the literature for the analysis of laminates undergoing cracking
based on a transfer approach was analysed and tested. The stress transfer model
was shown to predict the damaged state of a single ply of any orientation within a
laminate by rotating the coordinate system so that the problem is reduced to that of
a (S/90/S ′) with good accuracy. The model reproduces the stresses and strains well
when compared to the finite element solution, but the predictions are dependent on
the assumed height of a thin uncracked layer above the cracks in the damaged ply.
The existence of this thin layer and its height are debatable, but the height must be
determined either experimentally or analytically for the model to be useful in the
prediction of matrix cracking in real world applications.
In a further study of matrix cracking simulation models, calculation of the satura-
tion crack density using a shear lag model has been shown to be insufficient and
recommendations have been made to perform future crack density calculations using
a model based on a variational approach. The predictions made using the variational
model are significantly more accurate than the shear lag model and unlike the shear
lag model are generally conservative. For the modelling of the loss in stiffness of a
laminate containing matrix cracks, the variational model is able to make conserva-
tive predictions within reasonable accuracy for the validation cases considered. This
model has been combined with a suitable failure criterion and implemented in in a
commercial finite element code. However, the variational model does predict crack
accumulation at higher strains than the plasticity-based constitutive model, so is
less conservative in this respect.
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Of the two models considered in this work, the main advantages of the variational
model are its increased speed in making predictions and that it requires fewer input
parameters. Those inputs that are used are significantly easier to identify and can be
determined without tests involving hydrostatic pressure. However, the variational
model is limited to the modelling of matrix cracking, whereas the plasticity-based
model is intended to model the non-linear response of the material regardless of the
exact cause. Furthermore, effects such as the change in response under hydrostatic
pressure or multiaxial loading cannot be modelled using the variational model.
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Future Work
11.1 Constitutive modelling
11.1.1 Viscoelastic effects
The presented model shows a constitutive model formulated for the simulation of the
response of laminates under quasi-static loading. The incorporation of viscoelasticity
into the model would allow for inclusion of rate-dependent effects, allowing for the
consideration of blast and crash loadings.
11.1.2 Pressure dependence in the non-linear region of the
constitutive curve
Although the existing model captures the experimentally observed change in the
constitutive response in the non-linear region with increasing hydrostatic pressure
well, it does not explain the mechanism that causes this change. Ideally, the chem-
istry of the matrix material would be studied experimentally at the molecular scale
to determine the physical mechanisms that alter the response of the polymer and
hence result in the change in overall constitutive response of the composite.
Furthermore, the definition of hydrostatic dependence in non-associated flow can be
further studied by looking at the experimental volume change and/or plastic Poisson
ratios in composite materials. Currently literature in this area is very sparse.
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11.1.3 Effective stress formulation
Currently the effective stress is formulated in two parts; one linear and one non-
linear. It is possible to have a more complex formulation which is non-linear from
the initial loading. This could improve the numerical capture of the experimental
curve. However, this is likely to increase the run time of the model and is not strictly
necessary due to the experimental scatter of the experimental curves.
11.1.4 Failure under pure hydrostatic compression
Finally, under pure hydrostatic compression the constitutive model does not predict
failure. This is unreasonable as it should be expected that eventually the material
will fail. As such, a “plasticity limit” can be defined after which the material unloads
instead of remaining at a constant stress.
11.2 Matrix cracking
Matrix cracking within CDM models is currently limited by the need to use mi-
cromechanical modelling in order to capture the full effect of COD/CSD. Models
such as that presented in Chapter 9 are able to give good approximations to the
damaged state with little computational effort, but will eventually be replaced by
newer methods such as extended finite elements (XFEM). XFEM has the potential
to model cracks directly in the CDM model, removing the need for the cumbersome
micromechanical modelling.
Furthermore, if XFEM is used it can be combined with the presented constitutive
and failure model to create a new complete model. Currently there are limitations
on the use of XFEM in commercial software, as only a fixed number of cracks can
be modelled in a given element or region and the cracks cannot interact.
The stress transfer model is found lacking in the definition of the height of the
uncracked region. It s possible to measure this height experimentally, but it is likely
this will vary significantly with stacking sequence, ply thickness and material system.
A study should be performed to determine the height of this region analytically if
possible. If not experimental and numerical data should be gathered to give suitable
estimates of reasonable values.
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11.3 Coding algorithms
The complete constitutive, failure and damage model has been shown to work well as
an explicit algorithm, but suffers from convergence problems in an implicit scheme.
The development of an implicit integration scheme for the full model would be
beneficial as it would allow more flexibility in applying the model and generally
implicit codes tend to be more stable. Furthermore, this would allow for the use of
iterative procedures that could be used to improve the calculations of current crack
density for the matrix cracking model.
11.4 Further validation
The presented models have been compared with experimental data available in the
literature for laminates of various layups under different applied loadings and shown
to produce good predictions. However, further validation is required on more com-
plex specimen geometries as composite materials are now used in a variety of dif-
ferent applications where the applied loadings may be far more complex than those
considered thus far. Examples include T-shaped specimens commonly used as stiff-
eners in aircraft and bolted specimens where high local stress concentrations may
be introduced.
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Appendix A
Reformulation of the effective
stress
The von Mises criterion is given by:
f =
√
J2D − σ0 (A.1)
where σ0 is the yield stress and J2D is the second invariant of the deviatoric stress
tensor, given by:
J2D =
1
6[(sv11 − sv22)
2 + (sv22 − sv33)2 + (sv33 − sv11)2] + sv212 + sv223 + sv231 (A.2)
The effective stress is defined to allow the correlation of test results from different
loading regimes. As the yield function determines whether plastic flow will occur, it
can be used as a “truly significant stress variable” [22] to define the effective stress.
The effective stress, σe, should reduce to the stress in a uniaxial test. It is generally
defined as a constant multiplied by the yield function [22].
For the von Mises criterion, the effective stress is:
σe =
√
3f (A.3)
Consider a material under uniaxial loading with sv22 = svY . The above effective stress
with the von Mises criterion reduces to:
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√
3
√
1
6[2sv
2
Y ] = σ0 (A.4)
which is rearranged to:
σ0 = svY (A.5)
Using the above definition of σ0 , In pure shear sv12 = S the effective stress becomes:
√
3S = svY (A.6)
Therefore the effective stress is valid as it reduces the yield criterion to a form where
under different loading conditions the same yield stress σ0, can be used. The same
effective stress is also used with other yield criteria, such as the Drucker-Prager, Xie
and Adams and Goldberg et. al.
The yield criterion proposed for unidirectional composites is:
f =
√
1
6 (σ22 − σ33)
2 + σ212 +Nσ223 + σ231 +
µ
2 (σ22 + σ33)− σ0 (A.7)
However, when attempting to plot the full effective stress curve it was shown to be a
poor match and in some cases to force the effective stress curves match, the value of
the non-linear point has to be taken further up the stress strain curve. This results
in stress strain curves that show a sudden drop in modulus, as shown in figure A.1.
To overcome this problem, an alternative definition of the effective stress was sought
that would allow the entire curves from different regimes to be matched. the chosen
definition is:
σe =
√
3
√
1
6
√
3
(σ22 − σ33)2 + σ212 +Nσ223 + σ231 −
µ
2 (σ22 + σ33) (A.8)
Unfortunately, this definition is not suitable as it predicts an decrease in yield stress
with increasing hydrostatic pressure, which is not physically sensible. For this reason
the original definition is used in this model. To overcome the sudden modulus drop
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Figure A.1: Modulus drop in stress vs. strain curve
instead of assuming the initial curve is linear, a curve can be used instead of the
form:
σe = σ0
(
1− exp
(
−Eε
σ0
))
+ (σfin − σ0)
(
1− exp
(
− Eε
σfin − σ0
))
where σfin is the final recorded stress. The above equation is adapted from Jumahat
et al. [119]. However, this implies knowing the final stress and strain the material
will encounter, which is unknown when in-situ effects are accounted for.
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Calculation of parameters for
plasticity model
All of the parameters required for the plasticity-based constitutive model can be
obtained from experimental stress-strain curves from two different material tests,
for example shear and transverse compression.
The calculation of µ and σ0 requires the points of initial non-linearity from two of
the following loading regimes; shear, transverse compression, or tension, leading to
the inputs S, C and T , respectively. These are easily read from the experimental
curves. The equations required for µ and σ0 are shown in Table B.1.
To identify the parameter ηγ and similarly, the effect of hydrostatic pressure in the
elastic region, tests are required on UD composites with superimposed hydrostatic
pressure to generate stress-strain curves such as Figure 2.2. For the non-linear
region, the non-linear hardening law is plotted along with the experimental data at
different values of γ. A value of c is chosen such that the plotted hardening law
coincides with the experimental data. The parameter ηγ is determined from a plot
of γ against hydrostatic pressure, such as that in Figure 4.5. The value at zero
applied hydrostatic pressure is γ0.
If µ′ is required to alter the hydrostatic dependence of the constitutive law when
plastic flow occurs, this can be obtained by plotting the effective stress and changing
the value of µ so that the curves from two different uniaxial material loading regimes
match.
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MODEL
Table B.1: Definitions of µ and σ0 using data from compressive (C),
tensile (T ) and shear (S) loading tests
Uniaxial Test Data µ (MPa) σ0 (MPa)
Shear and Compression C3 − 2S
2
C
S
Shear and Tension T3 − 2S
2
T
S
Tension and Compression C−T3
√
TC
6
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Appendix C
Plasticity integration schemes
The following schemes are taken and modified from the work of Simo and Hughes [62]
C.1 Definitions and notation used in this chapter:
1 = δijei ⊗ ej is the second-order identity tensor
I = 12 [δikδjl + δilδjk] ei ⊗ ej ⊗ ek ⊗ el is the fourth-order symmetric identity tensor
∆γ plastic multiplier
H kinematic hardening modulus (kinematic hardening)
K plasticity modulus (isotropic hardening)
C elasticity tensor
D tensor of generalised plastic moduli
α equivalent plastic strain
q = −∇H (α)
β centre of the yield surface
e := dev [ε]
s := dev [σ]
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λ Lame constant
µ Lame constant (=shear modulus)
H (α) is a potential, H = 12αTDα
W (ε− εp) is the elastic stored-energy function W = 12 (ε− εp)E (ε− εp)
R is the plastic flow residual
C = λ1⊗ 1+ 2µI
C.2 Radial Return isotropic/Kinematic harden-
ing algorithm for isotropic materials
1. Compute trial elastic stress
en+1 = εn+1 − 13 (tr [εn+1])1
strialn+1 = 2µ (en+1 − epn)
ξtrialn+1 = strialn+1 − βn
2. Check yield criterion
f trialn+1 =
∥∥∥ξtrialn+1 ∥∥∥−
√
2
3K (αn)
IF f trialn+1 ≤ 0 THEN
set ()n+1 = ()
trial
n+1 & EXIT
ENDIF
3. Compute nn+1 and find ∆γ
nn+1 =
ξtrialn+1∥∥∥ξtrialn+1 ∥∥∥
αn+1 = αn +
√
2
3∆γ
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4. Update back stress, plastic strain and stress
βn+1 = βn +
√
2
3 [H (αn+1)−H (αn)]nn+1
epn+1 = epn + ∆γnn+1
σn+1 = κtr [εn+1]1+ strialn+1 − 2µ∆γnn+1
5. Compute consistent elastoplastic tangent moduli
Cn+1 = κ1⊗ 1+ 2µθn+1
[
I− 131⊗ 1
]
− 2µθ¯n+1nn+1 ⊗ nn+1
θn+1 = 1− 2µ∆γ∥∥∥ξtrialn+1 ∥∥∥
θ¯n+1 =
1
1 + [K
′+H′]n+1
3µ
− (1− θn+1)
Determination of ∆γ using consistency condition
1. Initalise
∆γ(0) = 0
α
(0)
n+1 = αn
2. Iterate
DO UNTIL
∣∣∣g (∆γ(k+1))∣∣∣ < TOL
k ← k + 1
2.1 Compute iterate ∆γ(k+1)
g
(
∆γ(k)
)
= −
√
2
3K
(
α
(k)
n+1
)
+
∥∥∥ξtrialn+1 ∥∥∥
−
2µ∆γ(k) +
√
2
3
[
H
(
α
(k)
n+1
)
−H (αn)
]
Dg
(
∆γ(k)
)
= −2µ
1 + H
′
[
α
(k)
n+1
]
+K ′
[
α
(k)
n+1
]
3µ

∆γ(k+1) = ∆γ(k) − g
(
∆γ(k)
)
Dg (∆γ(k))
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2.2 Update the equivalent plastic strain
α
(k+1)
n+1 = αn +
√
2
3∆γ
(k+1)
Since g (∆γ) is a convex function convergence of the Newton iteration is assured.
g (∆γ) is the dot product of ξtrialn+1 and nn+1, noting that
∥∥∥ξtrialn+1 ∥∥∥−√23K (αn+1) = 0.
By definition ξn+1 = ‖ξn+1‖nn+1
Calculation of g (∆γ)
εpn+1 = εpn + dεp
dεp = ∆γ ∂f
∂σ
= ∆γnn+1
εpn+1 = εpn + ∆γnn+1 (C.1)
αn+1 = αn +
√
2
3∆γ (C.2)
βn+1 = βn +
√
2
3∆Hn+1nn+1 (C.3)
where ∆Hn+1 := H (αn+1)−H (αn). The trial state is:
strialn+1 := sn + 2µ∆en+1 (C.4)
ξtrialn+1 := strialn+1 − βn (C.5)
sn+1 := strialn+1 −∆γ2µnn+1 (C.6)
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ξn+1 is expressed as:
ξn+1 := sn+1 − βn+1 (C.7)
From C.6 and C.7
ξn+1 := strialn+1 −∆γ2µnn+1 − βn+1
From C.5
ξn+1 := ξtrialn+1 −∆γ2µnn+1 + βn − βn+1
From C.14
ξn+1 := ξtrialn+1 −∆γ2µnn+1 −
√
2
3∆Hn+1nn+1
Rearrange:
ξn+1 := ξtrialn+1 −
2µ∆γ −
√
2
3∆Hn+1
nn+1
So:
ξn+1 := ξtrialn+1 −
2µ∆γ −
√
2
3 [H (αn+1)−H (αn)]
nn+1
C.3 Derivation of Closest Point Projection
Rn+1 = −εpn+1 + εpn + ∆γ∂σfn+1
fn+1 = f (σn+1)
where σn+1 = C : [εn+1 + εpn+1]
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As εn+1 is fixed during return mapping, it follows:
∆εp
(k)
n+1 = −C−1 : ∆σ(k)n+1 (C.8)
Then:
R(k)n+1 +
[
Ξ(k)n+1
]−1
: ∆σ(k)n+1 + ∆2γ
(k)
n+1∂σf
(k)
n+1 = 0 (C.9)
f
(k)
n+1 + ∂σf
(k)
n+1 : ∆σ
(k)
n+1 = 0 (C.10)
where Ξ = [C−1 + ∆γ∂2σσf ]
−1
From C.20
∆2γ(k)n+1 =
−R(k)n+1 −
[
Ξ(k)n+1
]−1
: ∆σ(k)n+1
∂σf
(k)
n+1
(C.11)
Rearrange C.21
∆σ(k)n+1 =
−f (k)n+1
∂σf
(k)
n+1
Substitute into C.22
∆2γ(k)n+1 =
−R(k)n+1 −
[
Ξ(k)n+1
]−1
: −f
(k)
n+1
∂σf
(k)
n+1
∂σf
(k)
n+1
Rearrange
∆2γ(k)n+1 =
f
(k)
n+1 −R(k)n+1 : Ξ(k)n+1 : ∂σf (k)n+1
∂σf
(k)
n+1 : Ξ
(k)
n+1 : ∂σf
(k)
n+1
Update values:
εp
(k+1)
n+1 = εp
(k)
n+1 + ∆εp
(k)
n+1
∆γ(k+1)n+1 = ∆γ
(k)
n+1 + ∆2γ
(k)
n+1
C.4 General Closest point Projection algorithm
1. Initialise k = 0, εp
(0)
n+1 = εpn, α
(0)
n+1 = αn, ∆γ
(0)
n+1 = 0
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2. Check yield criterion and evaluate flow rule / hardening law residuals
σ
(k)
n+1 = ∇W
(
εn+1 − εp(k)n+1
)
q
(k)
n+1 = −∇H
(
σ
(k)
n+1
)
f
(k)
n+1 = f
(
σ
(k)
n+1, q
(k)
n+1
)
R(k)n+1 =
 −εn+1 + ε
p
n
−αn+1 + αn
+ ∆γ(k)n+1
 ∂σfn+1∂qfn+1

(k)
IF f (k)n+1 < TOL1 and
∥∥∥R(k)n+1∥∥∥ < TOL2 THEN EXIT
3. Compute elastic moduli and consistent tangent modulus
C(k)n+1 := ∇2W (εn+1 − εpn+1)
D(k)n+1 := −∇2H
(
α
(k)
n+1
)
[
A(k)n+1
]−1
:=
 [C−1n+1 + ∆γn+1∂2σσfn+1] ∆γn+1∂2σqfn+1
∆γn+1∂2qσfn+1
[
D−1n+1 + ∆γn+1∂2qqfn+1
] (k)
4. Obtain increment to consistency parameter
∆2γ(k)n+1 :=
f
(k)
n+1 −
[
∂σf
(k)
n+1∂qf
(k)
n+1
]T
A(k)n+1R
(k)
n+1[
∂σf
(k)
n+1∂qf
(k)
n+1
]T
A(k)n+1
 ∂σfn+1∂qfn+1

(k)
5. Obtain incremental plastic strains and internal variables
 ∆ε
p(k)
n+1
∆α(k)n+1
 =
 C−1n+1 0
0 D−1n+1
(k)A(k)n+1
R(k)n+1 + ∆2γ(k)n+1
 ∂σfn+1∂qfn+1

(k)

6. Update state variables and consistency parameter
εp
(k+1)
n+1 = εp
(k)
n+1 + ∆εp
(k)
n+1
α
(k+1)
n+1 = α
(k)
n+1 + ∆α
(k)
n+1
∆γ(k+1)n+1 = ∆γ
(k)
n+1 + ∆2γ
(k)
n+1
Set k ← k + 1 and GO TO 2.
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(a) 
Elastic Step
(b) 
Radial Return
(c) 
Closest-Point 
Projection
 
S(tr)=S(n)
 
S(n-1)  
S(n-1)
 
S(n)
 
S(tr)
 
σ(n-1)
 
σ(n)
 
σ(tr)
Figure C.1: a) elastic step, b) radial return, c) closest-point
projection [20]
The Generalised Cutting Plane scheme is fully explicit and so is not considered
further for the coding of the UMAT.
Both the Radial Return (R-R) scheme and the Closest-Point Projection (CPP)
scheme are possibilities for the coding of the UMAT. The CPP scheme requires
the calculation of the Hessian matrix.
C.5 Radial return algorithm for model presented
with iteration for dλ and modulus calculation
εpn+1 = εpn + dεp
dεp = ∆λ ∂g
∂σ
= ∆λnn+1
εpn+1 = εpn + ∆λ
∂g
∂σ
(C.12)
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pn+1 = pn +
√
2
3∆λ (C.13)
αn+1 = αn + dα
dα = 23cdε
p − γαdp
αn+1 = αn +
2
3cdε
p − γαdp (C.14)
strialn+1 := sn +De∆en+1 (C.15)
ξtrialn+1 := strialn+1 −αn (C.16)
sn+1 := strialn+1 −∆λ2G
∂g
∂σ
(C.17)
ξn+1 := sn+1 −αn+1 (C.18)
From C.17 and C.18
ξn+1 := strialn+1 −∆λ2G
∂g
∂σ
−αn+1
From C.16
ξn+1 := ξtrialn+1 +αn −∆λ2G
∂g
∂σ
−αn+1
From C.14
ξn+1 := ξtrialn+1 −
2
3cdε
p + γαdp−∆λ2G ∂g
∂σ
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Use flow rule:
ξn+1 := ξtrialn+1 −
2
3c∆λ
∂g
∂σ
+ γαdp−∆λ2G ∂g
∂σ
ξn+1 := ξtrialn+1 + γαdp−
[2
3c+ 2G
]
∆λ ∂g
∂σ
∆λ = dp
ξn+1 := ξtrialn+1 −
2
3c∆λ
∂g
∂σ
+ γα∆λ−∆λ2G ∂g
∂σ
Taking dot product of ξn+1 and ∂g∂σ to get h (∆λ), using ‖ξn+1‖ − σ0 = 0:
h (∆λ) = −σ0 +
∥∥∥ξtrialn+1 ∥∥∥− 23c∆λ ∂g∂σ . ∂g∂σ − 2G∆λ ∂g∂σ . ∂g∂σ + γ∆λα. ∂g∂σ
Dh (∆λ) = −23c.
∂g
∂σ
− 2G. ∂g
∂σ
+ γα. ∂g
∂σ
Calculation of moduli:
dσ = De
(
dε−∆λ ∂g
∂σ
)
∆λ = fσDedε
fσDegσ + γfαα−
(
2
3
)
cfαgσ
where fσ = dfdσ , fα =
df
dα
, gσ = dgdσ and De is the elastic stiffness matrix.
dσ = De
1− fσgσ
fσDegσ + γfαα−
(
2
3
)
cfαgσ
 dε
C.6 Radial Return Algorithm for model presented
with explicit update of back stress
1. Compute trial elastic stress
en+1 = εn+1 − 13 (tr [εn+1])1
184
APPENDIX C. PLASTICITY INTEGRATION SCHEMES
strialn+1 = De (en+1 − epn)
ξtrialn+1 = strialn+1 −αn
2. Check yield criterion
f trialn+1 =
∥∥∥ξtrialn+1 ∥∥∥− σ0
IF f trialn+1 ≤ 0 THEN
set ()n+1 = ()
trial
n+1 & EXIT
ENDIF
3. Compute ∂g
∂σ
and find ∆λ
pn+1 = pn +
√
2
3∆λ
4. Update back stress, plastic strain and stress
αn+1 = αn +
2
3cdε
p − γαdp
αn+1 = αn +
2
3c∆λ
∂g
∂σ
− γα
√
2
3
√
∆λ ∂g
∂σ
: ∆λ ∂g
∂σ
epn+1 = epn + ∆λ
∂g
∂σ
σn+1 = αn+1 +
ξnσ0
‖ξn‖
5. Compute consistent elastoplastic tangent moduli
dσ = De
1− fσgσ
fσDegσ + γfαα−
(
2
3
)
cfαgσ
 dε
Determination of ∆λ using consistency condition
1. Initalise
∆λ(0) = 0
p
(0)
n+1 = pn
2. Iterate
DO UNTIL
∣∣∣h (∆λ(k+1))∣∣∣ < TOL
185
APPENDIX C. PLASTICITY INTEGRATION SCHEMES
k ← k + 1
2.1 Compute iterate ∆λ(k+1)
h
(
∆λ(k)
)
= −σ0+
∥∥∥ξtrialn+1 ∥∥∥− 23c∆λ(k) ∂g∂σ . ∂g∂σ −2G∆λ(k) ∂g∂σ . ∂g∂σ +γ∆λ(k)α. ∂g∂σ
Dh
(
∆λ(k)
)
= −23c
∂g
∂σ
.
∂g
∂σ
− 2G ∂g
∂σ
.
∂g
∂σ
+ γα. ∂g
∂σ
∆λ(k+1) = ∆λ(k) − h
(
∆λ(k)
)
Dh (∆λ(k))
2.2 Update the equivalent plastic strain
p
(k+1)
n+1 = pn +
√
2
3∆λ
(k+1)
C.7 Derivation of CPP for model presented
Rn+1 = −εpn+1 + εpn + ∆λ∂σgn+1
fn+1 = f (σn+1)
where σn+1 = De : [εn+1 + εpn+1]
As εn+1 is fixed during return mapping, it follows:
∆εp
(k)
n+1 = −D−1e : ∆σ(k)n+1 (C.19)
Then:
R(k)n+1 +
[
Ξ(k)n+1
]−1
: ∆σ(k)n+1 + ∆2λ
(k)
n+1∂σg
(k)
n+1 = 0 (C.20)
f
(k)
n+1 + ∂σg
(k)
n+1 : ∆σ
(k)
n+1 = 0 (C.21)
where Ξ = [D−1e + ∆λ∂2σσg]
−1
From C.20
∆2λ(k)n+1 =
−R(k)n+1 −
[
Ξ(k)n+1
]−1
: ∆σ(k)n+1
∂σg
(k)
n+1
(C.22)
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Rearrange C.21
∆σ(k)n+1 =
−f (k)n+1
∂σg
(k)
n+1
Substitute into C.22
∆2λ(k)n+1 =
−R(k)n+1 −
[
Ξ(k)n+1
]−1
: −f
(k)
n+1
∂σg
(k)
n+1
∂σg
(k)
n+1
Rearrange
∆2λ(k)n+1 =
f
(k)
n+1 −R(k)n+1 : Ξ(k)n+1 : ∂σg(k)n+1
∂σg
(k)
n+1 : Ξ
(k)
n+1 : ∂σg
(k)
n+1
Update values:
εp
(k+1)
n+1 = εp
(k)
n+1 + ∆εp
(k)
n+1
∆λ(k+1)n+1 = ∆λ
(k)
n+1 + ∆2λ
(k)
n+1
C.8 General Closest Point Projection modified for
the constitutive model presented
1. Initialise k = 0, εp
(0)
n+1 = εpn, p
(0)
n+1 = pn, ∆λ
(0)
n+1 = 0
2. Check yield criterion and evaluate flow rule / hardening law residuals
W = (ε− εp) : De : (ε− εp)
σ
(k)
n+1 = ∇W
(
εn+1 − εp(k)n+1
)
α
(k)
n+1 = −∇H
(
σ
(k)
n+1
)
f
(k)
n+1 = f
(
σ
(k)
n+1,α
(k)
n+1
)
R(k)n+1 =
 −εn+1 + ε
p
n
−pn+1 + pn
+ ∆λ(k)n+1
 ∂σgn+1∂αfn+1

(k)
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IF f (k)n+1 < TOL1 and
∥∥∥R(k)n+1∥∥∥ < TOL2 THEN EXIT.
∂σgn+1 = ∂gn+1∂σ
3. Compute elastic moduli and consistent tangent modulus
C(k)n+1 := ∇2W (εn+1 − εpn+1)
D(k)n+1 := −∇2H
(
p
(k)
n+1
)
[
A(k)n+1
]−1
:=
 [C−1n+1 + ∆λn+1∂2σσgn+1] ∆λn+1∂αfn+1∂σgn+1
∆λn+1∂αfn+1∂σgn+1
[
D−1n+1 + ∆λn+1∂2ααfn+1
] (k)
∂2ααfn+1 =
∂2fn+1
∂α2
4. Obtain increment to consistency parameter
∆2λ(k)n+1 :=
f
(k)
n+1 −
[
∂σg
(k)
n+1∂αf
(k)
n+1
]T
A(k)n+1R
(k)
n+1[
∂σg
(k)
n+1∂αf
(k)
n+1
]T
A(k)n+1
 ∂σgn+1∂αfn+1

(k)
5. Obtain incremental plastic strains and internal variables
 ∆ε
p(k)
n+1
∆p(k)n+1
 =
 C−1n+1 0
0 D−1n+1
(k)A(k)n+1
R(k)n+1 + ∆2λ(k)n+1
 ∂σgn+1∂αfn+1

(k)

6. Update state variables and consistency parameter
εp
(k+1)
n+1 = εp
(k)
n+1 + ∆εp
(k)
n+1
p
(k+1)
n+1 = p
(k)
n+1 + ∆p
(k)
n+1
∆λ(k+1)n+1 = ∆λ
(k)
n+1 + ∆2λ
(k)
n+1
Set k ← k + 1 and GO TO 2.
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Appendix D
Simulation of OHT specimen
using shell model
D.1 Overview
Simulations are run in order to validate the accuracy of the shell model by comparing
it to the 3D model of the complete constitutive, failure and damage model. Single
element models are run to ensure that both codes produce a comparable constitutive
response. The chosen test case for simulation of failure and damage is an Open Hole
Tension (OHT) loading of a quasi-isotropic composite specimen.
D.2 Simulation of OHT specimen
D.2.1 Methodology
Open Hole Tension (OHT) specimens have been extensively studied in recent litera-
ture. Different configurations have been tested experimentally by Green et al. [120]
and Camanho et al. [121]. Several attempts at numerical simulation have been
made, such as those by Camanho et al. [121], Hallett et al. [122] and Gutkin et
al. [123, 124]. In this study, the results from the shell model are compared with
numerical simulations run by Gutkin et al. using the linear 3D model [123,124] for
the configuration tested by Camanho et al. [121].
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Applied tensile 
loading
Figure D.2: Regular mesh for characteristic element size 0.2 by 0.2 mm
The material used is an IM7/8552 prepreg tape, with input data given by Gutkin et
al. [123, 124]. The specimen geometry is shown in figure D.1. The ply thickness is
0.131mm and the layup is (90◦/0◦/± 45◦)3s. The solid element model uses 8 node
reduced integration brick elements (C3D8R) with one element per ply. In the shell
model, one integration point is used per ply, again with reduced integration elements
(S4R).
25
12
2
Numerical 
Strain Gauge
3
All dimensions in mm
x
y
Figure D.1: Numerical specimen geometry
The mesh used is a regular mesh with characteristic size 0.2 by 0.2 mm, as shown
in figure D.2 .
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Figure D.3: Comparison of constitutive response between shell and 3D
OHT models. 3D results taken from Gutkin et al. [123]
D.2.2 Results
The results are taken at an applied strain of 0.9% for the 3D model without de-
lamination and the shell model unless otherwise stated. It was found at this level
of strain failure has initiated and fibre failure has been reached around the hole in
the 0◦ plies. The results shown are for the outer 90◦ ply and for one ply of each
orientation in the stacking sequence.
D.2.2.1 Global response
The overall response of the solid and shell models is evaluated through comparison
of the constitutive response curves where the strain is taken along the x-direction
of the outer 90◦ ply at the location of the numerical strain gauge. This is displayed
in figure D.3.
The effect of refining the mesh with the shell model is also investigated by comparing
the values of the matrix and fibre tension initiation stresses in the specimen to those
obtained using the 3D model with a 0.2 x 0.2 mm regular mesh and a 3D model
with a 0.3 x 0.3 mm regular mesh that includes delamination. These results are
shown in figure D.4.
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Figure D.4: Convergence of shell mesh for a) matrix failure initiation and
b) fibre tensile failure initiation. 3D model results with and without
delamination taken from Gutkin et al. [123]
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Figure D.5: Stress distribution σ11 and σ22 in the outer 90◦ply along a
horizontal path through the hole in shell and 3D models
D.2.2.2 Stress distribution
To compare the stress distribution at a strain of 0.6% in both models the stress
along a path in the outer 90◦ plies is extracted horizontally across the symmetry
plane through the hole in figure D.5. A comparison between the stress distribution
across the whole ply is shown in figure D.6.
D.2.2.3 Failure initiation patterns
A comparison of failure initiation patterns between the solid and shell models are
shown in figures D.7 to D.9. These figures show matrix, splitting and fibre tensile
failure onset, respectively.
D.2.2.4 Damage propagation
The predicted damage propagation patterns for both the solid and shell element
models is shown in figures D.10 to D.12. Figure D.10 shows matrix damage propa-
gation, figure D.11 indicates the location of splitting damage and figure D.12 shows
fibre tensile damage.
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direction
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Figure D.6: Stress distributions σ11 and σ22 in the outer 90◦ply in the
shell and 3D models
D.2.3 Discussion
D.2.3.1 Global response
Figure D.3 shows a comparison of the global constitutive response of the OHT
specimen using both the shell and the 3D models with and without delamination.
The 3D model without delamination is slightly stiffer close to final failure than the
model with delamination Although both the shell and 3D models capture the initial
modulus correctly, the overall response predicted by the shell model is slightly stiffer
than the response predicted by the 3D models. This implies that the shell model
should reach failure at a lower strain than the 3D model, as the stress criteria are
stress based. However, due to the lack of through thickness stress components this
is not necessarily the case.
The effect of refining the shell mesh is shown in figure D.4 and indicates that although
using a more refined mesh does lead to predictions for both matrix and fibre failure
onset stresses closer to the 3D predictions, the shell model struggles to reach the
3D solution. However, using the 0.2 x 0.2mm mesh with the shell model does lead
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Matrix Shell 3D
Initiation
Outer
90°
0°
45°
-45°
Inner
90°
Figure D.7: Matrix failure onset pattern (equation 5.9) in shell and solid
models at an applied strain of 0.9%
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Splitting Shell 3D
Initiation
Outer
90°
Inner
90°
Figure D.8: Splitting failure onset pattern (equation 5.12) in shell and
solid models at an applied strain of 0.9%
to a prediction of fibre failure onset which differs by only 5% to the 3D model
without delamination. The difference is greater when considering matrix failure as
this failure mode is heavily influenced by the through the thickness stresses that are
not present in the plane stress formulation of the shell model.
D.2.3.2 Stress distribution
For a stress distribution captured by the shell model in a horizontal path passing
through the centre of the hole, the predictions are close to the 3D model except very
close to the hole. This is evidenced in figure D.5, indicating that the shell model
is not able to capture the high stress gradient close to the free surface. This can
again be seen in figure D.6, where especially in the case of σ11 greater stresses are
visible close to the upper and lower free surfaces. The results for σ22 display a closer
agreement between the shell and 3D models.
The stress distributions measured experimentally will also be affected by the pres-
ence of delamination. Although delamination can be captured in a 3D model in
order to produce an improved comparison to the experimental data, in is not possi-
ble to model delamination in a shell model. This limits the applicability of the shell
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Fibre Shell 3D
Initiation
0°
45°
-45°
Figure D.9: Fibre tensile failure onset pattern (equation 5.11) in shell
and solid models at an applied strain of 0.9%
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Matrix Shell 3D
Damage
Outer
90°
0°
45°
-45°
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90°
Figure D.10: Matrix damage pattern (see section 5.5.1.2) in shell and 3D
models at an applied strain of 0.9%
198
APPENDIX D. SIMULATION OF OHT SPECIMEN USING SHELL MODEL
Splitting Shell 3D
Damage
Outer
90°
Inner
90°
Figure D.11: Splitting damage pattern (see section 5.5.1.2) in shell and
3D models at an applied strain of 0.9%
Fibre Shell 3D
Damage
0°
Figure D.12: Fibre tensile damage pattern (see section 5.5.1.2) in shell
and 3D models at an applied strain of 0.9%
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model in cases where delamination is significant.
D.2.3.3 Failure and damage patterns
For the failure and damage patterns displayed in figures D.7 to D.12 any plies which
did not show any indication of the failure or damage mode in question have been
omitted from the results. Comparing the matrix onset patterns in figure D.7 reveals
that whilst the predictions near the hole are qualitatively similar, the 3D model is
able to capture effects near the edge of the specimen that are not visible when using
the shell model. A similar effect is seen in figures D.8 and D.9. Generally it can can
be considered that failure is more widespread in the 3D model than the shell.
On closer inspection, it has been noted within some elements of the model that
the initial failure mode has changed from matrix failure to splitting failure or vice-
versa between the two models. This is caused by the contribution of the through
thickness stresses not being accounted for in the shell model. This is a general point
that must be considered when using the shell model to simulate failure and damage
that is known to depend on through thickness stresses. Furthermore, some of the
rotations to the fracture plane that are used in the 3D model [9] are not possible
without the through thickness stresses in the shell model, further explaining the
change in failure modes.
The damage patterns in figures D.10, D.11 and D.12 show similar trends to the fail-
ure patterns. Again, the 3D model appears to show more widespread damage and is
able to capture matrix damage in the 0◦ ply that is missed in the shell model. Figure
D.11 displays a discrepancy in the location of splitting/kinking damage between the
two models.
D.3 Conclusion
As expected, the predictions made using the complete shell model are less accurate
than those produced using the complete 3D model. This is due to the plane stress
assumptions made in the shell model that neglects the through thickness components
that can affect when failure occurs in composite laminates. Furthermore, the shell
model fails to capture the free edge effects that can be seen in the results using the
3D model and cannot capture delamination. However, the shell model is still a very
200
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good approximation to the 3D model. The 3D model should always be used where
an accurate analysis is required, but in large simulations where the computational
time is important the shell model can be utilised.
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1 Introduction 
The LaRC code is a tool used to predict the failure and behaviour of materials using finite 
element models. The failure of the material is determined using the physically-based LaRC 
failure criteria [1]. These criteria predict failure in fibre tension, kinking, splitting and matrix 
failure. Delamination is not directly considered within the code, but can be modelled 
alongside the code within a finite element package.  
This manual is intended to give an overview of using the LaRC code and the generation of 
the input data required by the code. The code can either be used as a subroutines in a finite 
element program or as stand-alone Fortran codes to generate failure envelopes for plies.  
2 Preparing to use LaRC 
2.1 Vumatinput spreadsheet 
The spreadsheet named „vumatinput‟ is designed to generate the input data required by the 
LaRC code. To run the spreadsheet the following must be installed and enabled: 
1. Excel Solver add-in 
2. Visual Basic solver reference  
3. Spline extrapolation add-in 
Instructions for installing Excel add-ins can be found in Excel help. 
The Visual Basic solver reference is enabled by opening Visual Basic, then selecting 
Tools>References, so that the box in Figure 1 is displayed. Tick next to SOLVER and click 
„OK‟ 
 
Figure 1: The VBA References menu 
2.2 Finite Element Models 
To run the LaRC code on Windows the following programs must be installed in the order 
below: 
1. Microsoft Visual Studio 
2. Intel Fortran Compiler 
3. Abaqus 
For Linux installations Visual Studio is not required, but a Fortran compiler compatible with 
Abaqus is.  
3 Entering Data into the spreadsheet 
 
All user input data is entered onto the „INPUT‟ tab in the spreadsheet „vumatinput.xlsm‟.  All 
cells requiring user input are coloured with an orange background. All values used in the 
code are mm/MPa/kg/s 
3.1 Material and Ply Data 
The input tables for material and ply properties are shown in Figure 2. The values entered 
into the material property table will not change with the position of the ply within the 
laminate. However, all of the values in the ply table can vary from ply to ply.  
 
Figure 2: Material (left) and ply (right) property input tables 
 
The options for selecting damage propagation flags (see Section 12) are included in the ply 
property table. This table also includes the options for controlling element deletion after 
failure. It is recommended that elements are deleted after failure to avoid numerical 
difficulties, but it is left to the user to ensure that the total number of elements modelled in a 
ply is sufficiently large for element deletion not to cause errors in the analysis. 
3.2 Experimental stress vs. strain data 
To predict the non-linear behaviour in shear and transverse compression of a laminate the 
stress vs. strain curves for the material must be entered into the code. These curves are 
measured experimentally using UD plies of the material. However, embedded in a laminate it 
is highly likely that the material will be able to withstand higher stresses and strains than 
those measured experimentally. As a result it is necessary to extrapolate the experimental 
curves.  
The experimental data should be entered into the table for stress vs. strain data on the 
„INPUT‟ worksheet (see Figure 3).  
 
Figure 3: Tables for entering shear and transverse compressive stress vs. strain data. 
 
The total number of experimentally determined points should then be entered into the 
„Experimental lines‟ cell at the foot of the table (see Figure 4). All other values in Figure 4 
are calculated automatically. 
 
Figure 4: Counters at the foot of the input stress vs. strain tables 
 
Extrapolation of the experimental data usually requires additional input points to generate a 
curve than does not display a negative modulus. To create these extra points in „INPUT‟ 
sheet contains „Point Generators‟ that create additional points that can be copied into the 
experimental data tables for stress vs. strain, shown in Figure 5. To use the „Point‟ 
Generators‟, the user should only enter values of strain and multiplying factors to generate a 
smooth curve with no negative modulus in the plot below the table.. It is recommended that 
the final strain entered is significantly higher than the previous strains so that the curve is 
fully defined.  
 
Figure 5: Shear point generator  
 
If the points generated using the curve produce a drop in modulus for any of the extrapolation 
methods used, a message will be displayed in the „Errors box‟ (see Figure 6). If an error is 
displayed, the user should change the values in the shear point generator and copy the new 
numbers back into the stress vs. strain tables.  
 
Figure 6: The ‘Errors’ box on the ‘INPUT’ sheet 
4 Exporting data from the spreadsheet 
 
Once all of the data has been entered into the „INPUT‟ sheet, the user must click „Run 
Solvers‟ to update the values in the „RESULTS‟ sheet. All outputs from the spreadsheet can 
be previewed in the „RESULTS‟ sheet. 
Smooth Curve, no 
negative modulus 
4.1 Creating spline interpolation files for Abaqus 
After clicking „run solvers‟, open or create the files „matshear.csv‟, „matshear2.csv‟ and 
„mattransv.csv‟.  On the „OUTPUT „tab, click the buttons shown in Figure 7 to update the 
files. The .csv files should be saved in the same directory as the code.  
 
Figure 7: Buttons to export data to the .csv files for the spline function on the ‘OUTPUT’ sheet 
4.2 Exporting to Fortran codes 
Currently there are two stand-alone Fortran programs that use the LaRC code; the „plies‟ 
code and the „material driver‟ code. After clicking „run solvers‟, open or create the files 
„plyinput.csv‟, or „matdriver.csv‟, depending on which code will be run. On the „OUTPUT 
„tab, click the buttons shown in Figure 8 to update the files. The .csv files should be saved in 
the same directory as the code.  
 
Figure 8: Buttons to export data to the .csv files  for input into the Fortran codes on the ‘OUTPUT’ sheet 
4.3 Entering data into Abaqus 
After clicking „run solvers‟, open the „OUTPUT‟ sheet.  The table in Figure 9 is displayed. 
 Figure 9: Table of outputs to enter as dependant variables 
 
In the „General‟ tab of the Abaqus material definition (Figure 10), select „Depvar‟ and enter 
„65‟. Set the „variable controlling element deletion‟ to „50‟. Select „Density‟ and enter the 
density of the material being used. Finally, select „User material and enter the values shown 
in Figure 9 in the same order as they are displayed in the „OUTPUT‟ sheet of the 
„vumatinput‟ spreadsheet. 
  
Figure 10: User material definition in Abaqus 
 As well as defining the material orientation in the code, it must also be defined in the „Section 
Assignments‟ option in Abaqus.  
5 Creating an Abaqus job with the LaRC code 
 
To create a job that uses the LaRC code subroutine in Abaqus, create the job as normal after 
defining the user material, then, in the „General‟ tab, select the file „user.for‟ as the user 
subroutine ,file, as shown in Figure 11. If running from the command line, add 
„user=/PATH/user.for‟ after selecting the job, where /PATH/ is the path where the code is 
saved  
 
Figure 11: Selecting the code for the Abaqus job definition 
6 Choice of stress vs. strain extrapolation and choice of 
non-linear flag 
 
The nonlinear curves defining the variation of shear stress with shear strain and transverse 
compressive stress with transverse compressive strain are experimentally determined under 
uniaxial loading. The change of modulus with increasing strain measured during these tests is 
only known at points, not as a mathematical function. Under some load combinations the 
composite can withstand higher strains than those measured in uniaxial testing, so an 
extrapolation of the experimental data is necessary.  
Currently, the LaRC code includes three methods for performing extrapolations of 
experimental data; spline extrapolation, third-order polynomial extrapolation and a plasticity-
based constitutive model  
6.1 Spline Extrapolation 
Spline extrapolation relies heavily on user input for the definition of the stress-strain curve. 
The user enters points in addition to the points obtained experimentally to define the curve. 
As a result this type of extrapolation is highly subjective, particularly concerning the points 
of inflection on the curve. 
It is important that the modulus of the curve defined by the entered points does not become 
negative at any stage. The „vumatinput‟ spreadsheet includes „point generators‟ designed to 
aid the user in the creation of a smooth curve. The user can create the curve by altering only 
the values of strain and multiplying factors  
It is recommended that the final point is generated is at a very high strain, giving a complete 
curve definition. If the code encounters a strain outside the defined domain, a linear 
extrapolation is performed to obtain the corresponding stress  
6.2 Third order polynomial 
In addition to the spline extrapolations, a third-order polynomial can also also used to 
extrapolate the input shear and transverse compressive stress-strain curves. For the 
polynomial to be used, it must be possible to find the reciprocal. The procedure for the 
calculation of the reciprocal of a third order polynomial follows the Cadran method [2] and is 
shown in the Appendix.  
The use of a polynomial extrapolation is advantageous over spline extrapolations as user 
input is not required in most cases and the resultant curves are therefore not subjective.  The 
run time of the models is greatly reduced as the model does not need to read in experimental 
points from a file and perform extrapolations. Instead, it simply calculates the stress and 
strain based on the polynomial or its reciprocal function.   
However, in some cases additional user input is required to ensure the polynomial yields a 
single value function for the stress-strain plots. It has been noted that it is not always possible 
to match the input data, so the user must check whether or not a suitable fit has been attained. 
Additionally, in some cases the third order polynomial exhibits very large increases in stress 
for relatively small increases in strain. This is especially problematic at high strains.  
6.3 Plasticity-based constitutive law 
The use of a plasticity-based model overcomes is less subjective than the spline extrapolation and 
more accurately reproduces the experimental results beyond the available UD data than the 
polynomial. The law requires the definition of a linear and non-linear response.  
All of the parameters required for the plasticity-based constitutive model can be obtained from 
experimental stress-strain curves from two different material tests, for example shear and transverse 
compression.  
 The calculation of   and    requires the points of initial non-linearity from two of the following 
loading regimes; shear, transverse compression, or tension, leading to the inputs  ,   and  , 
respectively. These are easily read from the experimental curves. The equations required for   and    
are shown in Table 1. 
Table 1: Definitions of   and    using data from different loading tests 
 
 
 
 
 
 
To identify the parameter    and similarly, the effect of hydrostatic pressure in the elastic region, tests 
are required on UD composites with superimposed hydrostatic pressure to generate stress-strain 
curves. For the non-linear region, the non-linear hardening law is plotted along with the experimental 
data at different values of  . A value of   is chosen such that the plotted hardening law coincides with 
the experimental data. The parameter    is determined from a plot of   against hydrostatic pressure, 
such as that in Figure 12. The value at zero applied hydrostatic pressure is  
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Figure 12: Comparison of linear and exponential evolution of   with hydrostatic pressure [3] 
 
If    is required to alter the hydrostatic dependence of the constitutive law when plastic flow occurs 
[3], this can be obtained by plotting the effective stress and changing the value of   so that the curves 
from two different uniaxial material loading regimes match. 
6.4 Choice of non-linear flag 
The code includes ten different options for modelling the non-linear behaviour, depending on 
the inclusion of hydrostatic pressure and the type of extrapolation used. The options are 
controlled by the value of the non-linear flag (nlf): 
 nlf = 0 corresponds to a linear elastic material definition up to failure and without 
hydrostatic pressure effect. 
 nlf = 1 corresponds to a linear elastic material definition up to failure and with 
hydrostatic pressure effect. 
 nlf = 2 corresponds to a non-linear shear and transverse compression behaviour 
defined via third-order polynomials and without hydrostatic pressure effect. 
 nlf = 3 corresponds to a non-linear shear and transverse compression behaviour 
defined via third-order polynomials and with hydrostatic pressure effect. 
 nlf = 4 corresponds to a non-linear shear and transverse compression behaviour 
defined via spline extrapolation and without hydrostatic pressure effect. 
 nlf = 5 corresponds to a non-linear shear and transverse compression behaviour 
defined via spline extrapolation and with hydrostatic pressure effect 
 nlf = 6 corresponds to a plasticity based constitutive model with hydrostatic pressure 
effect and a linear increase in pressure dependence in the plastic region 
 nlf = 7 corresponds to a plasticity based constitutive model with hydrostatic pressure 
effect and an exponential increase in pressure dependence in the plastic region 
 nlf = 8 is as nlf = 0, but with a matrix cracking model based on variational mechanics 
 nlf = 9 is as nlf = 1, but with a matrix cracking model based on variational mechanics 
 
7 Choice of Damage Law 
 
The evolution of damage after failure is predicted by the code depending on the user‟s chosen 
damage evolution law. A choice of three laws is given; bilinear, tri-linear or damage 
accumulation, with the selection controlled by a set of input flags (Figure 12). Only plies with 
a matrix fracture angle,  , of zero degrees are able to accumulate cracks. Hence, the option 
of damage accumulation is automatically selected for a ply in a laminate with  0  and is 
not available for modelling at the microscale or with UD plies.  
7.1 Flagscale 
The input flag „Flagscale‟ determines whether the model is running at the micro or 
mesoscale. An input of „0‟ selects the microscale and an input of „1‟ selects the mesoscale.  
7.2 Flagplytype 
The input flag „Flagplytype‟ selects the type of ply being modelled. The following choices 
are available by entering the corresponding number into the spreadsheet: 
 „0‟ =UD ply,  
 „1‟=single embedded in a laminate  
 „2‟=outer ply in a laminate.  
 „3‟=two adjacent embedded plies of the same orientation  
 „4‟=thick ply (embedded ply of thickness greater than 0.8mm) 
Options „3‟ and „4‟ are not directly available in the code, they are only used to generate the 
material data required by the code in the spreadsheet. If using the code directly, „1‟ should be 
entered instead of „3‟or „4‟. If „3‟ or „4‟ are entered into the spreadsheet they are 
automatically changed to „1‟ in the „OUTPUT‟ sheet.  
7.3 Flaglaw (kink/ft/mat) 
The „Flaglaw‟ flags allow the user to choose whether to model damage evolution as bilinear 
(flaglaw=„0‟) or tri-linear (flaglaw=„1‟) for failure by kinking, fibre tension and matrix 
(„Flaglawkink‟, „Flaglawft‟ and „Flaglawmat‟ respectively). Although the tri-linear curve 
captures the experimental curve much better than the bilinear curve, it requires more input 
data that must be measured from experimental results. It is recommended that if sufficient 
data is available from an experimental R-curve (plot of toughness against crack length), then 
the tri-linear law should always be used.  
 Figure 12: Options for selection of damage law 
 
8 Hydrostatic pressure in tension 
 
The effects of hydrostatic pressure in tension have been removed from the code as in several 
cases a negative modulus was noted in the stress vs. strain curves when using spline 
extrapolation, as shown in Figure 13.  
 
Figure 13: Transverse compressive stress-strain curve for G40-800/5260 with and without effect of 
hydrostatic pressure in tension.  
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The user should still be wary of a negative slope on the extrapolated stress vs. strain curves, 
as a less severe drop can still occur even without the effects of hydrostatic pressure in 
tension, depending on the data input to generate the curve. The „vumatinput‟ spreadsheet will 
generate an error message if a negative slope is found in any of the extrapolations, prompting 
the user to change the data input used to generate the extrapolation.  
 
9 Common Errors 
The following are common errors made in the creation and analysis of models that use the 
LaRC vumat subroutine 
9.1 Coordinate system definition  
The coordinate system used to define material orientation must have the z-axis through the 
thickness of the laminate, so that the x and y-axis are in plane. This is essential for the 
calculation of matrix cracking and delamination.  
 
9.2 Material Orientation assignment  
The assignment of material orientation must be performed in two places: 
 
- In the user material definition at input to the code from the spreadsheet.  
 
- In the property module of Abaqus cae, select “assign → material orientation”  
 
9.3 Abaqus output of results  
The outputs given by Abaqus are represented by default in:  
 
- The global coordinate system for nodal variables, such as displacements and  reaction forces 
- Local material orientation for integrated variables, such as strains and stresses 
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Appendix  A   
Reciprocal function of a third-degree polynomial 
 
A reciprocal function of a third-degree polynomial of the following form is required: 
               (A1) 
 
For the stress strain curves considered here, 00 C . In order to find the reciprocal function, 
an equivalent problem is solved; finding a solution for the third degree equation
023  cba  , with the coefficients defined as follows:
  
A
B
a 
  
(A2) 
A
C
b   (A3) 
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(A4) 
 
The goal is achieved using the Cadran method [2]- which if the equation admits real solutions 
– will yields a value of  =f(τ). 
2
3
1
abp   (A5) 
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23
27
4
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For the equation to have a real solution, this delta should be positive. Thus, the only check 
required is to ensure that delta is positive for all the values of τ of interest. 
 
Then, the general solution of the equation (E) which is also the reciprocal function is given 
by: 
  aqqxf
3
1
2
1
2
1
2
1
2
1
33    
(A8) 
 
As c, q and delta are functions of τ, they could therefore be written as c(τ), q(τ) and delta(τ) 
respectively.  
Appendix  B   
Model Input Variables 
 
Name Notation n° in 
code 
Longitudinal Young‟s modulus (MPa) E1  1 
Transverse Young‟s modulus (MPa) E2  2 
Major Poisson‟s ratio υ12  3 
Major transverse Poisson‟s ratio υ23  4 
In-plane shear modulus (MPa) G12  5 
Longitudinal tensile strength (MPa) Xt  6 
Longitudinal compressive strength (MPa) Xc  7 
Transverse tensile strength (MPa) Yt  8 
Transverse compressive strength (MPa) Yc  9 
In-plane shear strength (MPa) SL 10 
Alpha_o α0 11 
Phi_o υ0 12 
Transverse shear strength (MPa) St 13 
Slope coefficient for longitudinal shear strength ηL 14 
Slope coefficient for transverse shear strength ηt 15 
Slope coefficient for Young‟s modulus ηE 16 
Slope coefficient for shear modulus ηg 17 
Critical energy release rate in fibre tension (mJ/mm
2
) enft 18 
Critical energy release rate of 2
nd
 failure process in 
fibre tension (mJ/mm
2
) 
enftii 19 
Ratio strength over 2
nd
 failure process strength rft 20 
Critical energy release rate in kinking (mJ/mm
2
) enkink 21 
Critical energy release rate of 2
nd
 failure process in 
kinking (mJ/mm
2
) 
enkinkii 22 
Ratio strength over 2
nd
 failure process strength rkink 23 
Critical energy release rate of matrix in mode I 
(mJ/mm
2
) 
enb or GIc  24 
Critical energy release rate of 2
nd
 failure process 
matrix in mode I (mJ/mm
2
) 
enbii 25 
Ratio strength over 2
nd
 failure process strength rb 26 
Critical energy release rate of matrix in mode II 
(mJ/mm
2
) 
ent or GIIc 27 
Critical energy release rate of 2
nd
 failure process 
matrix in mode II (mJ/mm
2
) 
entii 28 
Ratio strength over 2
nd
 failure process strength rt 29 
Critical energy release rate of matrix in mode II 
(mJ/mm
2
) 
enl or GIIc 30 
Critical energy release rate of 2
nd
 failure process 
matrix in mode II (mJ/mm
2
) 
enlii 31 
Ratio strength over 2
nd
 failure process strength rl 32 
Saturation crack density crackdens 33 
Material orientation (°) beta 34 
Flag for micro or meso scale (matrix propagation) flagscale 35 
Flag for UD / outer / embedded ply flagplytype 36 
Flag for bilinear or trilinear damage law for matrix flaglawmat 37 
Flag for bilinear or trilinear damage law for fibre 
tension 
flaglawft 38 
Flag for bilinear or trilinear damage law for kinking flaglawkink 39 
Flag for element deletion after matrix failure delmatflag 40 
Flag for element deletion after kinking failure delkinkflag 41 
Flag for element deletion after splitting failure delsplitflag 42 
Flag for element deletion after fibre tension failure delftflag 43 
*****  delgap 44 
***** delsteps 45 
Failure propagation flag  faipropflag 46 
Failure initiation flag findexflag 47 
Non-linearity flag nlf 48 
First order coefficient in the shear curve polynomial c1g 49 
Second order coefficient in the shear curve 
polynomial 
c2g 50 
Third order coefficient in the shear curve polynomial c3g 51 
First order coefficient in the transverse curve 
polynomial 
c1ym 52 
Second order coefficient in the transverse curve 
polynomial 
c2ym 53 
Third order coefficient in the transverse curve 
polynomial 
c3ym 54 
Variable controlling linear region of plasticity model c 55 
Variable controlling non-linear region of plasticity 
model 
  56 
Pressure dependence in non-linear plasticity    57 
Selects whether plastic Poisson‟s ratio will be used 
or not 
miuttype 58 
Entered value of   (only if non-linear points will not 
be used) 
miueff 59 
Value of in   non-associative flow    60 
Plastic Poisson‟s ratio    61 
Non-linear point of tensile curve T 62 
Non-linear point of compression curve C 63 
Non-linear point of shear curve S 64 
Non-linear point of tensile curve using Consdiere‟s 
construction  
T 65 
Non-linear point of compression curve using 
Consdiere‟s construction 
C 66 
Non-linear point of shear curve using Consdiere‟s 
construction 
S 67 
Ply thickness Pthick 68 
Longitudinal thermal expansion coefficient    69 
Transverse thermal expansion coefficient    70 
Through-thickness thermal expansion coefficient    71 
Difference between sample temperature and stress 
free temperature 
Temp0 72 
Angle of adjacent ply Angle2 73 
 ***** When one of the damage variables reaches one on an element, if the element-deletion 
flag corresponding to the type of failure is equal to zero, the element will be deleted from the 
analysis after ε = εf x delgap + delstep. 
  
Post-History Variables 
Post-history 
variable 
number 
Name Description 
1 k maximum equivalent strain 
2 eps1pl longitudinal plastic strain  
3 eps2pl transverse plastic strain 
4 eps3pl through-thickness plastic strain 
5 eps12pl shear plastic strain 
6 eps23pl shear plastic strain 
7 eps31pl shear plastic strain 
8 kfmat Matrix failure index 
9 kfkink Kinking failure index 
10 kfsplit Splitting failure index 
11 kfft Fibre-tension failure index 
12 dmat matrix failure damage variable 
13 dkink kinking failure damage variable 
14 dft fibre tension damage variable 
15 epsmato matrix failure initiation strain 
16 sigmato matrix failure initiation stress 
17 epsmatf matrix failure final strain 
18 epsmati matrix failure intermediate strain 
19 epskinko kinking failure initiation strain 
20 sigkinko kinking failure initiation stress 
21 epskinki kinking failure intermediate strain 
22 epskinkf kinking failure final strain 
23 epsfto fibre tension failure initiation strain  
24 epsftf fibre tension failure final strain 
25 epsfti fibre tension intermediate strain 
26 phimem*radtodeg Φ in degrees 
27 psimem*radtodeg Ψ in degrees 
28 alphamem*radtodeg α in degrees 
29 omega*radtodeg Ω in degrees 
30 lambda*radtodeg λ in degrees 
31 lmat characteristic length of matrix-failed 
element  
32 lkink characteristic length of kinking-failed 
element 
33 lftf characteristic length of fibre-tension-failed 
element 
34 delcount  
35 eps1 longitudinal strain  
36 eps2 transverse strain 
37 eps3 through-thickness strain 
38 eps12 shear strain 
39 eps23 shear strain 
40 eps31 shear strain 
41 alp1 Longitudinal back stress 
42 alp2 Transverse back stress 
43 alp3 Through thickness back stress 
44 alp12 Shear back stress 
45 alp23 Shear back stress 
46 alp13 Shear back stress 
47 efflpl Effective plastic strain 
48 thick thickness 
49 curcdens current crack density 
50 failels Failed elements 
51 epso1pl longitudinal plastic strain (failure onset) 
52 epso2pl transverse plastic strain (failure onset) 
53 epso3pl through-thickness plastic (failure onset) 
54 epso12pl shear plastic strain (failure onset) 
55 epso23pl shear plastic strain (failure onset) 
56 epso31pl shear plastic strain (failure onset) 
57 dam Damage variable from matrix cracking 
(tensile) 
58 damd Damage variable from matrix cracking 
(shear) 
59 Ex Current longitudinal modulus 
60 Ey Current transverse modulus 
61 Ez Current through-thickness modulus 
62 Gxy Current shear modulus 
63 Vxy Current Poisson ratio 
64 larceps Strain at matrix failure onset (tensile) 
65 larcsig Stress at matrix failure onset (tensile) 
 
